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One of the essential techniques for energy harvesting is the clean energy collection 
from ambient vibration. Recently, piezoelectric energy harvesting systems became a 
hot topic and attracted many researchers. This is due to their simple structure, 
relatively high output power among the other mechanisms (electromagnetic and 
electrostatic), compatibility with MEMS, and operation in a wide frequency range. The 
main objective of the current work is to develop a mathematical model to evaluate the 
potential of harvesting power from the car suspension system. Quarter and half car 
models with a built-in piezoelectric stack were modeled mathematically using Laplace 
transformation and simulated using MATLAB/Simulink. The piezoelectric stack was 
installed in series with the suspension spring to maintain the performance of the 
original suspension system in ride quality and comfortability. The harvested voltage 
and power were tested in both time and frequency domain approaches. The results 
from a quarter car model showed that, the maximum generated voltage and power 
under harmonic excitation with an acceleration amplitude of 0.5 g and frequency of 
1.46 Hz were 19.11 V and 36.74 mW, respectively. By comparing the quarter car 
model with a half car model, the results illustrated that the output voltage and power 
of the half car models were increased to 33.56 V and 56.35 mW (75.6% and 53.4%), 
respectively. Furthermore, the quarter and half car models were subjected to random 
excitation and tested under three different road classes (A, C, and H). The findings 
confirmed that the harvested voltage and power were increased with the road 
roughness levels and car velocity. From very smooth to very rough road levels, the 
harvested power was increased by 434 mW for quarter car model and 537 mW for half 






of stack layers and area to thickness) and car suspension (sprung and unsprung 
stiffness, damping coefficients, and masses) were examined for half car model 
subjected to harmonic excitation. Also, the effect of road amplitude unevenness was 
considered. The analytical results of the quarter car model were verified with the 
experimental test under harmonic excitation. The results exhibited good agreement 
with the analytical results at different excitation frequencies (0 – 25 Hz). A significant 
contribution of this work is developing a half car model with a built-in piezoelectric 
stack. The findings of this work illustrated that there is a significant potential for 
harvesting energy from the car suspension system. This energy could be utilized in 
different ways. The study will encourage automobile manufacturers to develop and 
produce cars that are equipped with multiple energy harvesters to make the dissipated 
energy available for utilization. Such utilization of regenerated energy improves the 
fuel efficiency and the economy significantly.   
Keywords: Energy harvesting, piezoelectric stack method, car suspension system, half 
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حصاد الطاقة الكهروضغطية من نظام التعليق لنموذج نصف سيارة: دراسة تحليلية 
 وتجريبية. 
 صالملخ
في المحيطة.  الاهتزازات واحدة من التقنيات الأساسية لجمع الطاقة هي جمع الطاقة النظيفة من 
موضوًعا هاما ً )cirtceleozeiP( الآونة الأخيرة، أصبحت أنظمة حصاد الطاقة كهروضغطية
والطاقة الإنتاجية العالية نسبيا ً بين البسيط،  هيكلها لك إلىويرجع ذ ين العديد من الباحث وجذبت 
 dna citengamortcelE(  الآليات الأخرى (الكهرومغناطيسية والكهروستاتيكية)
تردد ، والتشغيل في نطاق الصغرى الكهروميكانيكيةالأنظمة والتوافق مع  )،citatsortcele
الهدف الرئيسي من العمل الحالي هو تطوير نموذج رياضي لتقييم إمكانات حصاد الطاقة . واسع
التي تحتوي على مجموعة  سيارةربع ونصف نماذج تم تصميم   من نظام تعليق السيارة.
وتمت محاكاتها ) ecalpaL(  مدمجة بطريقة رياضية باستخدام تحويل لابلاس ضغطيةكهرو
تم تثبيت مجموعة  .)knilumiS/BALTAM( سميولينك/ماتلاب  برنامج باستخدام
مع زنبرك التعليق للحفاظ على أداء نظام التعليق في جودة الركوب  بالتواليكهروضغطية 
 . يالمجال الزمني والتردد  في تم اختبار الجهد والقدرة المحصودة من كل نموذج والراحة.
أوضحت النتائج التي توصل إليها نموذج ربع السيارة أن الحد الأقصى للجهد المتولد والطاقة 
 هرتز  64.1وتردد  )g 5.0( من الجاذبية الأرضية 5.0تسارع  بمعدلالتوافقية  الحركةتحت 
 التوالي.  )Wm 47.63( واطميلي  47.63) و V 11.91( فولت  11.91كانت  )zH 64.1(
لنموذج بنموذج سيارة نصف، أوضحت النتائج أن الجهد الناتج والطاقة ربع سيارة  نموذجبمقارنة 
، على )Wm 53.65( واط  ميلي 53.65و ) V 65.33(فولت  65.33زاد إلى  سيارة نصف






والطاقة التي تم حصادها زادت  الجهد ). أكدت النتائج أن Hو  Cو  Aثلاث فئات طرق مختلفة ( 
من مستويات الطرق شديدة السلاسة إلى مستويات . مع مستويات خشونة الطريق وسرعة السيارة
نموذج ل )Wm 434ميلي واط ( 434الطرق الوعرة للغاية، تم زيادة الطاقة المحصودة بمقدار 
تم فحص تأثير المعاملات  .نصف سيارةلنموذج  )Wm 735ميلي واط ( 735و ربع سيارة
ونسبة المساحة إلى السمك) ونظام تعليق السيارة ضغطية (عدد الطبقات الكهرو  لمجموعةالمختلفة 
أيضا،  الحركة التوافقية.الكتلة) لنموذج نصف سيارة تحت تأثير معامل التخميد، معامل الصلابة، (
تم التحقق من النتائج  .على حصاد الجهد والطاقة مدى تأثير ارتفاع موجة الطريق تم النظر في
اختبار تجريبي تحت الإثارة التوافقية. أظهرت النتائج اتفاق  بإجراءالتحليلية لنموذج ربع سيارة 
المساهمة المهمة من عملنا  هرتز). 52 - 0( ترددات مختلفة رتحت تأثي جيد مع النتائج التحليلية
. وضحت نتائج هذا يحتوي على مجموعة كهروضغطية مدمجةنصف سيارة  نموذج تصميمهي 
طاقة من نظام تعليق السيارة. يمكن استخدام هذه الطاقة العمل أن هناك إمكانية كبيرة لحصد ال
ستشجع الدراسة شركات صناعة السيارات على تطوير وإنتاج على سبيل المثال، بطرق مختلفة. 
كفاءة  من يحسنسالمركبات المزودة بحصادات الطاقة المتعددة. هذا الاستخدام للطاقة المتجددة 
 استهلاك الوقود والاقتصاد بشكل كبير. 
حصاد الطاقة، طريقة الكهروضغطية، نظام تعليق السيارة، نموذج : مفاهيم البحث الرئيسية
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Chapter 1: Introduction 
1.1 Motivation 
Over the last decade, green manufacturing has been attracted a great deal of 
attention in the worldwide. Different types of renewable energy could replace the use 
of traditional fossil fuel that harms both environment and public health [1], [2]. For 
instance, the use of petroleum as a fuel for transportation causes global warming from 
the emissions of carbon dioxide. Achieving clean energy could be attained through 
scavenging the waste energy from the ambient environment and converting it into 
useful energy. This technology is also used in the field of powering wireless sensors 
to avoid the use of conventional batteries which are needed to be periodically replaced 
or recharged. The electrical energy for running different types of devices could be 
obtained from various potential energy available in the ambient environment as for 
example the solar energy [3]–[5], thermal energy [6]–[8], mechanical vibration energy 
[9]–[11] like wind energy [12], [13], acoustic energy [14]–[16] and ocean waves [17]–
[19]. Harvesting these energies will help in providing infinite lifetime energy of power 
generation. Currently, most automobiles have a large number of sensors where 
batteries are preferred to be replaced by different energy harvesting techniques. These 
energy harvesters could scavenge the dissipated energy from the car suspension system 
(CSS) and convert it to useful energy.  
1.2 Statement of the problem 
In 2018, the Energy Information Administration (EIA) stated that there is about 
92% of petroleum products consumed for the transportation sector, while only 10 – 






essential component in automobiles, yet it is the primary source of energy dissipation 
due to the dampening of vibrations. Velinsky and White [22] reported that this 
dissipated power is affected by different factors such as the road profile, car speed, and 
car parameters such as  the car mass, spring stiffness, and damper coefficients. Wei 
and Taghavifar [23] showed that, the power dissipated by the front CSS was 
approximately 35% higher than the rear suspension due to greater values of the mass, 
spring, and damper of the front suspension than the rear one. Also, Jacota [24] stated 
that, increasing the mass of the car as well as the damping coefficient corroborated by 
decreasing the stiffness coefficient will provide higher dissipation energy for the 
dampers. 
Furthermore, the road profile affects the amount of energy dissipated from the 
suspension system, as shown in the references [23], [24]. According to Abdelkareem 
et al. [25], the traditional shock absorber at a speed of 20 - 50 km/h with no bumps 
road can dissipate power in a range of 10 - 90 W. While having at least one bump will 
increase the power dissipation to 40 - 140 W at the same speed. On a weak road profile, 
Segel and Lu [26] indicated that about 200 W was dissipated from the four dampers of 
a passenger car at a speed of 13 m/s. Wei and Taghavifar [23] studied the possible 
energy harvesting from the CSS through different road profiles. For instance, in the 
harmonic excitation, the greatest average power of 57.84 W was recorded at the car 
speed of 13 km/h and 39 km/h. While in the random excitation, different road surfaces 
were categorized based on the power spectral density function. The various road 
surfaces are categorized in the smooth runway, rough runway, smooth highway, and 
highway with gravel. They reported that, the predicted power dissipation from the 
highway with gravels was recorded as 2000 W while, in the smooth highway, the 






velocity of the suspension system (2 m/s) for the highway with gravel compared to the 
smooth road (0.75 m/s). According to Jacota [24], the road profile was divided into 
two categories, macrostructure, and microstructure. The macrostructure is the 
longitudinal profile of the road, which is categorized when the car has a speed in the 
range of 25 – 120 km/h. While the microstructure represents the uneven humps of 
tread, which is felt by the car passengers. He concluded that, the microstructure road 
profile has the most significant impact on the suspension excitation which dissipates 
more energy. These previously mentioned results indicate that, this amount of 
dissipated power should not be ignored. Accordingly, the work aims to evaluate the 
energy that can be harvested from the mechanical vibrations of CSS and the possibility 
of converting it into useful energy.  
1.3 Objectives  
 The main objectives of this work are firstly to build both analytical and 
experimental models in order to evaluate the possible harvested energy from the car 
suspension system. Secondly, to conduct a comparison between these two different 
models and thirdly, to study the effect of different parameters on the harvested voltage 
and power.  
To accomplish the above objectives, the piezoelectric stack harvester will be 
installed in series with the suspension springs in order to harvest the dissipated power. 
The equations of motion for different car models (quarter and half) will be derived 
mathematically using Laplace transformation. Piezoelectric energy harvesting system 
for a quarter and half car models will be modelled through MATLAB/Simulink. The 
harvested voltage and power from the piezoelectric stack will be studied in time and 






car parameters (mass, stiffness coefficient, and damping coefficient) as well as the 
piezoelectric parameters (area, thickness, and number of layers) on the output 
harvested power. The car suspension system will be subjected to and tested under 
harmonic and random excitation inputs. Finally, the experimental study will be carried 
out in order to verify the analytical results.  
1.4 Thesis structure 
The thesis is divided into six chapters, including this introduction with its 
motivation, problem statement and objectives (chapter 1). The literature of different 
existing vibrational applications utilizing piezoelectric energy harvesting techniques 
as well as a state of art review of car suspension-based piezoelectric energy harvesting 
systems are presented in chapter 2. In chapter 3, a detailed mathematical derivation of 
the quarter and half car systems without and with piezoelectric stacks using Laplace 
transformation method are discussed. The experimental setup of the quarter car model 
used in this work is described in chapter 4. The analytical and experimental results of 
the harvested voltage and power from car suspension models are found in chapter 5. 
The chapter also illustrates a parametric study of a half car model under harmonic 
excitation. Finally, the findings obtained from this study along with some 







Chapter 2: Literature Review 
2.1 Background 
Many research works were conducted in reviewing several energy harvesting 
technologies [27]–[34].  The results summarized in Table 1 shows that, solar power 
provides the most significant power density in direct sunlight. However, this energy is 
an unsuitable source of energy for indoor environments. Mechanical vibration through 
the piezoelectric element is the most appropriate alternative source of energy 
harvesting due to their availability in many different environments. 
Table 1: Power density of different energy sources [27], [28]. 
Energy source  Power density (µW/cm3)  
Solar (outdoors) 15,000 - direct sun, 150 - cloudy day 
Solar (indoors)  6 - office desk 
Vibrations (piezoelectric conversion) 250 
Vibrations (electrostatic conversion)  50 
Acoustic noise 0.003 at 75 dB, 0.96 at 100 dB 
Temperature gradient  15 at 10o C gradient 
 
One of the most effective methods of implementing a power harvesting system 
is to utilize the strain energy from various mechanical vibrations. There are different 
types of mechanical vibrations existing in the environment like vibrating structures, 
moving objects, or vibration induced by fluid flow. A significant amount of energy is 
dissipated in the ambient vibrations in several forms like heat, and friction. Harvesting 
these dissipated energies into useful electrical energy could be through different 
methods, including the use of piezoelectric material, electromagnetic, and electrostatic 






energy, while piezoelectric materials received the most attention from many 
researchers in the last decade. The reason behind this attention is that, the piezoelectric 
materials have an ability to directly transfer the applied stress into electrical energy 
with ease implementation into the system. Further, it can be easily fabricated with 
multiple structures due to its simple and flexible configuration without requiring any 
additional tools. 
The piezoelectric transducer is the most effective and preferable method, and 
it produces the highest power density, and operates in the full frequency ranges [29], 
[35]–[37]. Priya [35] stated that the generated power density of the piezoelectric 
transduction was more than three times greater than the other two transductions. 
Different researchers reported the value of the maximum harvested power density. 
Jeon et al. [38] found that the highest power density from a thin film piezoelectric 
material subjected to the external vibrational source was 37 µW/mm3. For the 
electromagnetic effect, Saha et al. [39] showed that 4.375 µW/mm3 could be generated 
from the electromagnetic based generator subjected to the vibrating beam. Despesse et 
al. [40] built a system to convert the surrounding mechanical vibrations into electrical 
energy using the electrostatic transducer. The experimental results showed that, the 
maximum power density from the electrostatic material was about 0.584 µW/mm3 
which is the least among the other two convertors. Therefore, it is clearly shown that 
the piezoelectric material has the highest power density. 
Also, Gonsalez et al. [41] observed that, the piezoelectric transducer has a 
higher significant bandwidth than the electromagnetic transducer. These results were 
confirmed in studying the power density concerning voltage among different 






the widest power density versus the voltage compared to the electromagnetic 
transducer. Moreover, most of the energy harvesting mechanisms have a low voltage 
output that often-required multistage post-processing to produce a usable voltage. In 
contrast, piezoelectric energy harvesters produce enough amount of voltage that can 
be used directly. 
 
Figure 1: Power density vs. voltage of different energy harvesting mechanisms [41]. 
In addition, piezoelectric materials do not require any additional voltage input, 
unlike the electrostatic harvesters, which need an initial pre-charged of the variable 
capacitors by having an external polarization source for the initiation of the conversion 
process. Another important advantage of the piezoelectric materials is their 
compatibility with the macro and microstructures due to the thick and thin films 
fabrication techniques. However, the limitation of the electromagnetic harvesters to be 
fabricated in the micro-scale is due to the permanent magnets’ poor characteristics and 
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disadvantages of the three different transducers. Accordingly, the piezoelectric 
material is the best harvester method to be focused on in this article. 
Table 2: Advantages and disadvantages of the conversion mechanisms [43]. 












 • No external voltage sources 
• No mechanical constraints needed 
• High output current 
• Difficult to integrate with MEMS 
fabrication process. 
• Poor performance in microscale  










• Simple structure  
• No external voltage sources 
• Compatible with MEMS 
• High output voltage 
• No mechanical constraints needed 
• Wide frequency range 
• Thin films have poor coupling 
• High output impedance 
• Charge leakage 










• Easy to integrate with MEMS 
fabrication processes 
• High output voltage 
• Mechanical constraints needed 
• External voltage source or 
electrical recharged needed 
• High output impedance 
• Low output current 
 
So, after harvesting the energy via piezoelectric material, the harvested energy 
can be used in powering various applications mainly in the wireless remote sensors. 
As reported by Tayahi et al. [44], the use of ten piezoelectric stacks were able to power 
a temperature sensor that operates in a current of less than 3 mA. The wireless sensors 
can be distributed and utilized in different applications such as industrial [45], [46], 
medical [47], [48], civil and military [49]–[51], agriculture and food industry [52]. For 






home lighting or sleep and heart beating monitoring. Figure 2 describes the idea of 
energy scavenging from mechanical energy and its applications. 
 
Figure 2: Energy harvesting from different mechanical systems and its applications. 
2.2 Piezoelectric material  
The piezoelectric material is being selected as a harvesting method since it is 
the best option among the other mechanisms. It can be implemented in a large variety 
of mechanical applications such as roads, cars, and human motions. Piezoelectric 
material has different types and configurations that will be discussed in the next 
sections.  
2.2.1 Piezoelectric characteristics   
The word piezoelectric came from the Greek word piezo, which means press 
or squeeze. It was first discovered in 1880 by French physicists Pierre and Jacques 
Curie [53]. The piezoelectric materials have a crystalline structure as they held 
together by an ionic bond. Another characteristic of the piezoelectric material is its 
anisotropic characteristic, which means that the material properties depend on the 
Vibrating structure 
Moving objects 

















force’s direction and polarization electrodes orientation. The unique characteristic of 
the piezoelectric materials is the reversibility, exhibiting the direct piezoelectric effect 
(sensing) and reverse piezoelectric effect (actuation). When the material is unstressed, 
the piezoelectric crystal will be neutrally charged yielding dipole moments, which is a 
charge balance with positive and negative polarization. However, applying stress on 
the material will distort the dipoles or polarization, and creating an electrical charge. 
This process is labeled as the direct piezoelectric effect. Conversely, subjecting the 
piezoelectric material to an external electric field will create an unbalance in the neutral 
charge state that generates mechanical stress or strain, and it is called the reverse 
piezoelectric effect. The mechanical and electrical behavior of the piezoelectric 
materials can be defined using the following constitutive equations [54]: 
𝐷𝑖 = 𝑑𝑖𝑗𝜎𝑗 + 𝜀𝑖𝑗
𝑇𝑒𝑖 (1) 
𝛿𝑗 = 𝑠𝑖𝑗
𝐸𝜎𝑗 + 𝑑𝑖𝑗𝑒𝑖 (2) 
where D is the electric charge density (C/m2), d is a piezoelectric charge constant (m/V 
or C/N), σ is the applied mechanical stress (N/m2), ε is a permittivity of piezoelectric 
element (F/m), e is the electric field (N/C), δ is the mechanical strain, s is the elastic 
compliance coefficient of the piezoelectric element (m2/N). The superscripts in the 
equation represent mechanical or electrical boundary conditions (constant stress or 
constant electric field), whereas the subscripts represent the direction of the 
mechanical and electrical parameters.  
As mentioned earlier, piezoelectric materials are anisotropic materials, so their 
physical parameters (e.g., charge constant dp, permittivity ε33, and modulus of 
elasticity Ep) depend on the direction of the applied mechanical force and electric 






in a rectangular crystallographic system with positive polarization along the z-axis. 
The first index represents the electric field direction and the second one represents the 
direction of the mechanical stress or strain. The notations 1, 2, and 3 identify the 
directions in the piezoelectric material along the three axes X, Y, and Z, whereas the 
shear constants are described using 4, 5, and 6 notations. 
  
Figure 3: Direction of polarization for a piezoelectric material. 
There are two commonly coupling modes of operation for piezoelectric 
materials. The transverse mode 31 which is depicted in Figure 4 (a) and the 
longitudinal mode 33 which is shown in Figure 4 (b). In mode 31, the mechanical 
lateral force is applied perpendicular to the polarization axis. However, in mode 33 the 
applied force is applied in the direction of the polarization axis as a compression force. 
Choosing the appropriate mode for maximizing the power output is dependent on the 
force applied to the piezoelectric material. Mode 31 is commonly used for energy 
harvester, especially for the piezoelectric cantilever beam structures where the lateral 
stress on the beam can be easily coupled to the piezoelectric material [55], [56]. On 
the other hand, Caliò et al. [57] noted that mode 33 is suited for automotive and 













configurations applied in the energy harvesting are mode 31 (bimorph) and mode 33 
(stack).  
 
Figure 4: Modes of a piezoelectric material. (a) Mode 31. (b) Mode 33. 
Piezoelectric materials are widely available in various forms as natural or 
human-made. The most common natural piezoelectric material is quartz, while the 
most active and used is ceramic, which is human-made material. Mainly, piezoelectric 
materials are categorized into four main groups depending on their structural 
characteristics, and those are ceramics, polymers, mono-crystals, and composites. 
Nevertheless, the two primary materials used in harvesting energy are piezo-ceramics 
like Lead Zirconate Titanate (PZT) or Barium Titanate (BaTiO3), and piezo-polymers 
like Polyvinylidene Fluoride (PVDF) [58].  PZT is the most common type of ceramics, 
and when they deformed by 0.1% from the original dimensions, they will have the 
ability to generate enough piezoelectricity. Conversely, subjecting PZT material to an 
external electric charge will cause a change of 0.1% from the static material’s 
dimension [59]. PZT material has higher power output per unit area under a high 
temperature compared to the PVDF. As reported by Makki and Iliev [60], PZT has 
harvested power output per unit area of 9.37×10-3 mW/mm2 while, PVDF has 












are at least two times greater than PVDF and BaTiO3 materials and therefore 
generating the higher power output [58].   
2.2.2 Piezoelectric different configurations 
2.2.2.1 Bimorph and unimorph cantilever 
The piezoelectric design is being selected based on the direction of the applied 
force on the material as compression, bending, and shear mode. The most used design 
in the vibration energy harvesting is bending mode with cantilever structure. The 
cantilever beam is a simple structure and has two different configurations based on the 
location of the piezoelectric material. A piezoelectric layer can be on one or both sides 
of the elastic layer that is known as unimorph and bimorph configurations, 
respectively.  The detailed comparison between these different types was illustrated 
by Ng and Liao [61].  
In the case of bimorph configuration, two piezoelectric materials are bonded 
together with a metal layer in between, as shown in Figure 5. The bonded piezoelectric 
layers can be connected in series or parallel depending on the accumulated voltage and 
current respectively [57]. The most common bimorph operating mode is 31 bending 
mode so that the top and bottom layers undergo opposite direction: in compression and 
tension.  
Another cantilever configuration is the unimorph design, where one 
piezoelectric material is attached to the metal layer. This design is mostly used for the 
microstructure applications, and it can be operated in both 31 and 33 modes [62]. As 
mentioned in the literature, the d33 piezoelectric coefficient is two times larger than the 






parameters [62]–[64]. The direct relationship between the piezoelectric coefficient and 





where the open circuit voltage Voc is proportional to the piezoelectric coefficient dij, 
applied stress σij and the gap distance between the electrodes ge. εr, and ε0 are the 
relative dielectric constant and vacuum permittivity. Another factor affecting the 
output voltage is the gap distance between the electrodes. The piezoelectric layer in 
mode 31 is between top and bottom electrodes, whereas in mode 33, the electrode is 
on the top of the piezoelectric layer [65]. As the thickness of the piezoelectric layer in 
unimorph design is very thin, the electrode distance in mode 31 is shorter than the 
electrode distance in mode 33. The experimental results of Kim et al. [66] showed that, 
a dielectric constant of d33 mode was two times higher than the d31 mode which 
consequently resulting in higher output voltage. Moreover, they concluded that with 
the smaller area of mode 33 compared to mode 31, the mode 33 can generate higher 
output power of ≈ 2.23 µW by enhancing an interdigitate electrode IDE configuration 
through reducing the finger width to 2 µm. Table 3 shows the complete comparison 







Figure 5: Different configuration of bimorph and unimorph. (a) Bimorph configuration 
in series connection. (b) Bimorph configuration in parallel connection. (c) Unimorph 
configuration. 
Table 3: Comparison of 31 and 33 modes [66]. 
Parameter 31 mode 33 mode 
Electrode area (mm2) 2.88 0.154 
Electrode gap (µm) 1 12  
Volume of piezoelectric layer (mm3) 0.00288 0.00205 
Output power (µW) 2.15 2.23 
Power density (µW/mm3) 8.09 8.39 
 
2.2.2.2 Piezoelectric stack  
A piezoelectric stack is a multilayer piezoelectric sheet stacked on the top of 
each other. These layers (represented by N) are connected mechanically in series and 
electrically in parallel. The piezoelectric stack is operated in mode 33 where the 
mechanical force is applied along the polarization axis while the electric charge is 
collected on the surface perpendicular to the polarization axis, as shown in Figure 4 
(b). Stacks are more preferable to be utilized in low-frequency ranges and high force 
Piezoelectric layer 














excitation [67]. The stack geometry helps in amplifying the charge production 
compared to the single layer. Equation (4) shows the relationship between the number 
of piezoelectric layers N, force F and voltage V with the stack output current Q [68], 
𝑄𝑠𝑡𝑎𝑐𝑘 = 𝑁𝑑33𝐹 + 𝐶𝑝𝑉 (4) 
Piezoelectric stacks can withstand large mechanical forces that enable them to 
achieve higher output power than piezoelectric cantilever [69]. Liu et al. [62] also 
stated that the output power from the piezoelectric stack is higher than the cantilever 
design. Though, it needs large applied force because of the high stiffness coefficient 
Kp that depends on the modulus of elasticity Ep, surface area Ap, and thickness hp of 
the piezoelectric stack.  
2.3 Energy harvesting from different vibrations   
By utilizing the property of piezoelectric materials of generating electricity, 
several scientific researchers have been investigated the piezoelectric energy harvester 
types in a wide variety of applications. In general, harvesting energy from mechanical 
sources providing an output power of 4 W to 800 W [28]. The vibrations could be 
observed from human activities such as walking [70]–[73], heart beating [74], and 
breathing, where the energy will be detected from the expansion of the chest [75]. 
Different ways are available to bond the piezoelectric material. For instance, 
piezoelectric material could be bond with the shoe to harvest the dissipated energy 
from the ball foot using PVDF material under the shoe or foot strike using PZT flatten 
layer under the heel. These two approaches were discussed by Shenck and Paradiso 
[70] and are shown in Figure 6. Choi et al. [71], summarized the possibilities of 






dissipated energy from human motions. Table 4 shows the harvested power from each 
joint location considering human walks at a speed of 1.3 - 7.8 km/h.  
 
Figure 6: Two methods of harvesting energy from the shoe PVDF under the ball foot 
and PZT materials under the heel [70]. 
Table 4: Harvested power from human motion [71]. 
Joint/Motion Power (W) Work (J/step) 
Foot strike 2-20 1-5 
Ankle 66.8 33.4 
Knee 36.4 18.2 
Hip 38 8.96 
Elbow 2.1 1.07 
 
Mitcheson et al. [76] also reported that the power harvested by human 
breathing was around 78 mW. Another way for harvesting energy is by installing the 
piezoelectric material underneath the floor material so it will capture the vibrations 
resulted from the passenger’s movement. East Japan Railway Company applied this 
mechanism by conducting a real experiment in Tokyo station from the period of 
January 19 to March 7, 2008. The piezoelectric material was installed in the ticket gate 






power was about 10 kWs, which is sufficient to run the automatic ticket gates and 
electronic displays [77]. However, after a period of three weeks of passing more than 
800,000 people, the total output power decreased due to degradation in the 
piezoelectric material durability.  
  
Figure 7: Power-generating floor at Tokyo Station’s Marunouchi North Exit [77]. 
Another application of harnessing energy is from the footsteps is the dance 
clubs. In 2008, the first sustainable dance club in the world was opened in Rotterdam 
and named Club Watt [78]. The dance floor was embedded by the piezoelectric 
materials to absorb the vibrations from the dancer’s steps and generating energy. Also, 
London established an eco-nightclub at Bar Surya, where the dancing floor was made 
of a series of springs and piezoelectric blocks [79]. As the dancers moved up and down 
on the bouncing dance floor, the piezoelectric blocks squeezed and generated current 
to power some parts at the club.  
Besides, vibrations absorbed from buildings are another type of ambient energy 
source. Aminzahed and Jabbari [80] designed a piezoelectric energy harvester placed 
on the ceiling of each top floor of a five-story wooden building. The outcomes from 









Hz led to increasing the harvested power from 0.25 - 0.7 mW in the building floors. 
These results were also confirmed by Kan et al. [81] by developing a piezoelectric 
energy harvesting system to harvest energy from a wood floor vibration induced by 
human activities. The piezoelectric harvester should be placed in a proper way to 
maximize the harvested power. This was addressed by Elhalwagy et al. [82] by 
studying how to get the maximum benefits from the harvested energy in buildings’ 
interior spaces. The study was according to the different types of applications, and 
other different factors such as the needed power, number of steps, and the cost of 
electricity kilowatt. Piezoelectric sensors were connected in series and parallel and 
placed in the tile where the pressure is applied in the floors of the building. The high 
generated power tiles could power an LED lighting system, and the low generated 
power tiles could help in controlling the self-powered sensors. The power could also 
be harvested from the building’s ducting system, as mentioned by Yatim et al. [83]. 
Their piezoelectric model converter was able to harvest the power of approximately 2 
W, which could be adequate for mini home devices.  
Moreover, the energy could be harvested from road traffic as well. Jiang et al. 
[84] conducted a theoretical and experimental investigation of energy harvesting from 
the roadway. In each harvesting unit, three piezoelectric multilayer stacks shown in 
Figure 8 (a) were insulated in-between the road pavement, and they deformed once the 
car tires pass through it. The experimental results verified the theoretical analysis, and 
they indicated that each single harvesting unit could generate a power up to 1 W with 







Figure 8: Energy harvester from road traffic. (a) Piezoelectric stack. (b) Experimental 
setup [84]. 
 
Li et al. [85] introduced a single piezoelectric vibrator mounted between the 
upper and middle layers of the asphalt roadbed structure. According to their theoretical 
results, each piezoelectric energy harvester was able to generate a power of 0.67 mW. 
Abramovich et al. [86]  invented a device that was made of a piezoelectric generator 
for harvesting energy from roads, highways, and airport runways. The deformation of 
the piezoelectric material was due to the weight of passing cars. This product was 
produced in an energy harvesting company called Innowattech [87]. In 2009, the 
company applied a test by embedding the piezoelectric harvester device 5 cm below 
the road surface. The results claimed that, energy production was around 200 kWh in 
1 km per lane of the road. Environmental Transport Association ETA has published 
that, if an appropriate harvester is installed in a every stretch of British motorway, the 
generated energy will be able to run about 34,500 small cars [88]. Among these 
different applications, the focus in this work is harvesting energy from the CSS as there 
is an enormous amount of power dissipated from its dampers. This issue will be 
discussed in detail in section 2.4.  
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2.4 Car suspension system 
The most mechanical vibrations that have been extensively explored are the 
car suspension system (CSS). It can suppress uncomforting situations from different 
road profiles to provide good road handling, stability and comfortability to the 
passengers. Modeling CSS theoretically and experimentally will be presented in the 
following sections.  
2.4.1 Mathematical car models  
Several mathematical models have been utilized for analyzing car dynamics. 
These models can also be called lumped parameter models, and they can study the 
behavior and the performance of the CSS. A mathematical car model is derived from 
the fundamental law of physics, such as Newton’s Laws or conservation principle. The 
CSS can be modeled as a quarter car model (QCM), half car model (HCM), and full 
car model (FCM).  
The QCM (shown in Figure 9) is frequently used in the car suspension analysis 
due to its simplicity and can provide the main essential characteristics of the full model. 
Thus, many researchers were focused on the analysis of the QCM. Vaishnav et al. [89] 
derived a mathematical model of the QCM by using transfer function and Cramer’s 
rule. Sharma et al. [90] designed two DOF of a QCM with state-space representation 
by using MATLAB. The car was excited with step input of 0.1 m that resulted in a 
high overshoot of the sprung mass (80%) and unsprung mass (30%). These values 
were not satisfied with the ride comfort and quality. To overcome this problem, the 
authors proposed using a controller to keep the car move within the ride comfort 






evaluate the car’s isolations to road disturbance. The study was focused on comparing 
the displacement and acceleration amplitudes of the sprung and unsprung masses with 
the road amplitude at different damping coefficients. Throughout the Simulink 
MATLAB program, the minimum frequency response occurred when the damping 
constant equal to the optimal damping constant bopt that can be calculated by the 








where Ms is the sprung mass, Ks and Kus are the stiffness coefficient for sprung and 
usprung masses, respectively.  
Florin et al. [92] simulated a QCM by MATLAB Simulink and compare it to 
the state space model and transfer function. The results obtained from the three 
different methods were identical with the same values of suspension parameters. 
Hassaan [93] examined a QCM passing a circular hump with sustaining a comfortable 
ride. The mathematical model was derived by using a state model and analyzed by 
MATLAB Software. In order to achieve a comfortable ride, the study showed that, the 
car speed should not exceed 7 km/h when passing a circular hump. Prabhakar and 
Arunachalam [94] have conducted a comparison between the conventional passive 
suspension and passive suspension with different parameters of damping and stiffness 
coefficients of a QCM. For providing the best ride comfort as well as the car handling, 
an optimum value for the sprung damping and stiffness coefficients were found to be 
1500 N.s/m and 13 kN/m respectively. Gao et al. [95] investigated the effect of the 
randomness of a QCM parameters on the dynamic analysis. The results from the study 






stiffness, while it is dependent on the sprung and unsprung masses. Moreover, the first 
natural frequency is influenced by the uncertainty sprung mass, and the second natural 
frequency is affected by the uncertainty unsprung mass system.  
 
Figure 9: Two DOF model.  
QCM can be easily modeled for the experimental work. The most common 
model has two moving plates which representing the sprung and unsprung masses 
connected to the springs and dampers. The differences among the models are occurred 
in modeling the unsprung mass as a real car tire or plate and the excitation input force. 
For the models with one real tire, Salah [96] modeled the QCM as a real tire connected 
to the moving plate, and shock absorber in between (See Figure 10 (a)). The moving 
plate represented the quarter of the sprung mass and the shock absorber was made of 
the spring and damper. The model also included four stainless steel rods to guide the 
movement of the plates as vertical with no torsion. Having a real car tire gave a realistic 
data analysis, and the model could handle a maximum weight of 300 kg and run up to 
162 km/h.  Figure 10 (b) shows Mitra et al. [97] model which consists of a real tire 



















was utilized to convert the motor rotary motion into translation motion. Shing et al. 
[98] designed and modeled a QCM with real tire that was connected to the four springs 
and two shock absorbers. This model is presented in Figure 10 (c). The weight of 3 kg 
was placed at the top of the sprung plate to represent the mass of the quarter sprung 
mass.  
 
Figure 10: Different experimental setups of QCM as real tires. (a) Mohammad Salah 
model [96]. (b) Mitra et al. model [97]. (c) Shing et al. model [98]. 
 
On the other hand, most of the researchers modeled the unsprung mass as a 
moving plate. According to work done by Jugulkar et al. [99], they modeled two 
moving plates with four springs and adjustable damper. As shown in Figure 11 (a), the 
springs were connected in parallel, and each has a stiffness coefficient of 3.33 N/mm. 
One more spring of stiffness 32.77 N/mm was connected to the damper in series at the 
center of the plate. The system was guided by a central bar with roller bearings to 
minimize the friction. The excitation input was modeled as an electric motor with a 
Scotch Yoke mechanism to convert the motor rotational motion into linear motion of 
the system. Likewise, Patil and Joshi [100] modeled two moving plates with a 
suspension shock absorber and tire spring, as illustrated in Figure 11 (b). The 
(b) (c) (a) 

































corresponding values of the suspension stiffness, tire stiffness, and viscous damping 
were 13.9 kN/m, 85 kN/m, and 518 N.s/m, respectively. The system was excited by 
DC motor with cam and follower mechanism to attain harmonic excitation at specific 
frequency and amplitude. Additionally, Quanser [101] built three moving plates as; 
sprung mass, unsprung mass, and the road, as shown in Figure 11 (c). Two adjustable 
springs of 900 N/m and dampers 7.5 N.s/m were connected between the sprung and 
unsprung plates. Another two springs of 2.5 kN/m and dampers of 5 N.s/m were 
connected between the unsprung and road plates. The system was driven by the DC 
motor with lead screw and cable transmission to provide the vertical motion.  
 
Figure 11: Different experimental setups of QCM as moving plates. (a) Jugulkar et al. 
model [99]. (b) Patil and Joshi model [100]. (c) Quanser model [101]. 
 
Unlike the QCM which consists of one tire, the HCM is four DOF that is made 
of two tires: one for the front and one for the rear axles. HCM, as presented in Figure 
12 assumes the symmetry of the car about the longitudinal axis. The different 
characteristics of springs and dampers at the front and rear tires take into consideration 
which exists in the actual cars as well. Moreover, the effect of the center of gravity and 





























































body motions was simulated using HCM. Gao et al. [102] investigated the effect of 
the uncertainty of random parameters of a HCM. The car suspension was subjected to 
a random input excitation, which is modeled emplying power spectral density (PSD). 
It was concluded that, the uncertainty of the natural frequency of the cars is dependent 
on the uncertainty of the car parameters.  The distance of the front and rear suspensions 
has a significant influence on the first two cars’ frequencies. Whereas, the third and 
fourth cars’ frequencies are affected by the front and rear tires’ mass. Patel et al. [103] 
studied a HCM for measuring the road profile at different speeds by developing a 
unique algorithm using MATLAB Simulink Software. The HCM was excited by the 
input road profile and being compared with the measured road profile at various 
speeds. The simulation of the HCM showed a good agreement between the input and 
measured road profile in time, distance, and frequency domain.  
Some researchers have been analyzed and compared both quarter and HCM in 
their research. Mehmood et al. [104] conducted a full dynamic analysis for a quarter 
and HCM using Laplace transformation and state space representation in the 
MATLAB program. Their analysis was focused on finding the optimum values for the 
damping coefficient to achieve the optimum driving comfort level. For 2 DOF, the 
appropriate damping range was found to be between 3000 and 4000 N.s/m. However, 
a range of 1500 N.s/m to 2000 N.s/m was found to be the optimum for the 4 DOF. 
Additionally, Faheem et al. [105] analyzed both a quarter and HCMs in displacement 
and frequency responses for finding the suitable damping coefficient values. The 
results of the two models showed that, the damping coefficient should not exceed a 







Figure 12: Four DOF model. (1) Sprung mass. (2) Front unsprung mass. (3) Rear 
unsprung mass. (4) Front suspension stiffness. (5) Rear suspension stiffness. (6) Front 
tire stiffness. (7) Rear tire stiffness. (8) Front suspension damping. (9) Rear suspension 
damping. (10) Front tire damping. (11) Rear tire damping. 
 
A few investigations are available in the literature on modeling the HCM 
experimentally. Sapiński and Martynowicz [106] modeled a HCM as two identical 
suspension sets made of spring and magnetorheological shock absorbers (MRA) as 
shown in Figure 13 (a). The two suspensions were connected by a steel frame with a 
weight that representing the half-sprung mass. One of the suspension sets was excited 
by the shaker of type electro-hydraulic cylinder, while the other suspension was 
excited by the motor connected to a cam crank mechanism. An additional central roller 
was placed for guiding and stabling the system. The experimental work was focused 
on studying the vibration control with considering the bounce and pitch motions. Using 
an appropriate magnetorheological shock absorber (MRA) was able to minimize the 
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Chavan and Sawant [107] built two suspension systems that were connected by the 
beam as presented in Figure 13 (b). Each suspension was made of spring and shock 
absorber and excited by the eccentric cam. For different excitation frequencies, the 
experimental results matched the simulation results with considering the non-linearity 
of the suspension system.   
 
Figure 13: Different experimental setups of HCM. (a) Sapiński and Martynowicz 
model [106]. (b) Chavan and Sawant model [107]. 
 
The rolling motion is considered in a full car model (FCM) which will increase 
the number of degrees of freedom to seven. FCM shown in Figure 14 is made of the 
four identical QCMs that are coupled by rods. 7 DOF consisting of the bounce, pitch, 























Figure 14: Four DOF model. 
FCM can ultimately be used to study and analyze car performance and ride 
comfort. Several parameters must be taken into consideration when studying the 
passenger ride comfort such as RMS vertical acceleration, speed over a bump, 
suspension travel distance, and road handling. For the weighted RMS vertical 
acceleration, British standard institute listed different levels of acceptability of ride 
quality as presented in Table 5 [108]. 
Table 5: Levels of acceptability of ride quality [108].  
Weighted RMS of vertical acceleration (m/s2) Acceptability  
>0.315 Not uncomfortable  
0.315-0.63 A little uncomfortable  
0.5-1 Fairly uncomfortable  
0.8-1.6 Uncomfortable  
1.25-2.5 Very uncomfortable  
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Besides, Mitra et al [109] reported some values of different characteristics for 
achieving a ride comfort. The car speed must be less than 10 km/h when passing over 
the bump, minimum of 0.127 m of the suspension travel distance, and road handling 
of the relative distance between the road and the tires must be in the range of 0.0508 
m. Their results of studying the FCM satisfied the ride quality characteristics. Raju 
and Venkatachalam [110] derived the equations of motion of the FCM and studied the 
suspension system when subjected to different disturbances. Pulse and impulse 
disturbances were given to the right front wheel. For the case of the pulse input, the 
maximum oscillations affected the front axle with little effect of the rear axle. 
However, for the impulse disturbance, the maximum oscillations undergoing the front 
axle were much higher than the pulse disturbance. Rajale et al. [111] evaluated the car 
comfort characteristics of the FCM with eight degrees of freedom, including a 
suspension system and car seat. Different signal inputs were studied in the 
displacement of the four main full car parameters, heave, pitch, roll, and seat. For step 
input, the displacements of the four parameters increased at the beginning and then 
decreased with time. For triangular signal, it was affected only the heave and pitch 
displacements. However, the sinusoidal input affected the whole displacements expect 
the seat displacement at certain car speed. Iyer et al. [112] studied the FCM with 
independent suspension of the front tires and conventional suspension for the rear tires. 
The optimum values for the spring and damper of the suspension system were 
discussed in order to provide the maximum comfortability to the riders. The values of 
the stiffness and damping coefficient were found to be 8300 N/m and 700 N.s/m, 
respectively. Mahala et al. [113] evaluated the car responses of the quarter, half, and 
full car models. The study concluded that increasing the number of degrees of freedom 






is no experimental investigation of modeling and studying the FCM in the laboratories. 
Therefore, the work on HCM and FCM are minimal, and few studies are examined to 
be compared with a QCM, especially in the field of energy harvesting from a 
suspension system.  
2.4.2 Energy harvesting from car suspension system 
The dissipated energy from the suspension system can be converted to another 
useful form using different types of harvesters. In their work, Zuo and Zhang [114] 
reported that,  the potential of harvestable power was in the  range from 46 to 7500 W. 
Though, the work on implementing the piezoelectric harvester in the CSS is limited. 
The piezoelectric material can be added as an additional energy harvesting element to 
the various locations in the CSS such as springs, tires, and dampers.  
Moreover, Xiao et al. [115] studied the harvested energy from the piezoelectric 
material theoretically and experimentally. The proposed system in Figure 15 showed 
a QCM (2 DOF) with piezoelectric harvester placed in parallel with the suspension 
springs. For the theoretical study, the QCM was excited by sinusoidal input with 1 g 
(9.8 m/s2) amplitude. The peak output voltage and power from the piezoelectric 
element were recorded as 274.62 V and 2.84 W, respectively. The harvested voltage 
and power were affected by the suspension parameters like tire stiffness, suspension 
stiffness, and damping coefficients. The proposed theoretical analysis was validated 
experimentally by modeling the sprung and unsprung masses as aluminum blocks with 
four springs and one piezoelectric element in between. The setup was subjected to a 
sine wave with an amplitude of 1.5 m/s2. The maximum output voltage was 0.33 V at 
a frequency of 38.58 Hz. However, the experimental harvested power was not 






its type (cantilever or stack), dimensions (area Ap and thickness hp), piezoelectric 
stiffness coefficient Kp, charge constant d33, dielectric permittivity ε33, and the 
modulus of elasticity Ep were not clearly mentioned.  
 
Figure 15: QCM with built in piezoelectric material in parallel connection [115]. 
On the other hand, Al-Yafeai et al. [116] coupled piezoelectric materials with 
the front and rear suspension system of the HCM shown in Figure 16. The results from 
the MATLAB/Simulink of the proposed model were compared with the Xiao et al. 
[115] model. The results illustrated that, the harvested voltage and power from the 
HCM were higher than that of the QCM by 77% and 57%, respectively. From both 
systems, the calculated voltage and power from the piezoelectric material were done 
without considering the stiffness of the piezoelectric material Kp.  
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Figure 16: HCM with built in piezoelectric material in parallel connection [116]. 
Taking into account the piezoelectric stiffness will dramatically affect the 
harvested voltage and power. To validate this, a value of 6250 kN/m as an equivalent 
stiffness coefficient was considered when attaching the piezoelectric material in 
parallel with the suspension springs (as shows previously in Figure 15 and Figure 16). 
For the QCM, the overall stiffness coefficient of the system was calculated from the 
following relation 
𝐾𝑒𝑞 = 𝐾𝑠 + 𝐾𝑝 (6) 
where Keq, Ks, and Kpiezo are the stiffness coefficients of the equivalent connection, 
suspension, and the piezoelectric material, respectively. The relation shows that the 
overall stiffness coefficient increases when considering the piezoelectric material 
stiffness. The high value of the stiffness coefficient resulting in a huge reduction in the 
harvested voltage and power to be 9 V and 2.9 mW, respectively. The reason is that, 
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its harvested voltage and power. While in a series connection (Figure 17) the harvested 
voltage and power remain the same as without considering the stiffness coefficient of 
the piezoelectric material. This is because the overall stiffness coefficient of the system 
is almost equal to the suspension spring coefficient as can be illustrated by the 




≈ 𝐾𝑠 (7) 
 
Figure 17: QCM with built in piezoelectric material in series connection. 
Some studies were focused on harvesting energy from the deformation of the 
automobile's tires. As the tire flattened against the road surface, the piezoelectric 
material will be stretched and consequently generates electricity. Xie and Wang [37] 
proposed a dual-mass piezoelectric harvester that is connected to the QCM and 
presented in Figure 18. PZT4 harvester bar with dimensions of 10 cm height and 1.5 
cm width was mounted on the suspension wheel. The mathematical model was 
subjected to the random rough road excitation with different road profiles B, C, and 



















very smooth road to the very rough road. The calculations through the iteration method 
showed that the power of 738 W could be harvested from the road profile of type D by 
implementing more than four piezoelectric bars in the system. Each bar has height and 
width of 10 cm and 1.5 cm, respectively, with a car speed of 35 m/s. This harvested 
power was also affected by the suspension and piezoelectric harvester parameters. For 
instance, increasing the car speed and decreasing the width bar will significantly 
increase the electric power generated from the cars. Likewise, Zhao et al. [117] 
designed a piezoelectric harvester attached to the suspension system that subjected to 
random and pulse road excitations. From random excitation, the system was able to 
harvest a power of 18.83 W, while for the pulse excitation, a power of 102.24 W was 
harvested at car speed of 30 km/h. Their findings were also similar to the one 
mentioned by Xie and Wang [37] in which they stated that the harvested power is 
affected by different parameters like vehicle speed and the  piezoelectric material 
cross‐sectional area.  
 
Figure 18: Dual mass piezoelectric bar harvester of QCM. (a) Piezoelectric bar 
harvester. (b) QCM. (c) Dual mass piezoelectric energy [37]. 
 
Likewise, Lafarge et al. [118] embedded a piezoelectric cantilever beam of 
type PZT 27 to the suspension wheels, as shown in Figure 19. The QCM was operated 
at the cantilever first natural frequency with different load resistances by the Bond 





















recorded as 1 mW and 1.4 mW, respectively, where it could be powering several 
sensors for monitoring applications. The system was also investigated in the real case 
by installing the piezoelectric beam into the unsprung mass. The harvested power at a 
speed car of 10 km/h was varied between 0.001 mW and 0.021 mW. However, the 
harvested power of the range of 0.01 mW and 0.07 mW was occurred at 30 km/h. 
Furthermore, Behera [119] also connected three PZT5A piezoelectric materials in 
series along the inner tires’ circumference. The three series of piezoelectric elements 
in the tire is illustrated in Figure 20.  From his rough calculations, the model at a speed 
of 40 km/h was able to harvest power of approximately 14 mW.  
 
Figure 19: Car suspension with piezoelectric cantilever beam [118]. 
 
Figure 20: Three piezoelectric materials located on the tire [119]. 
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Another utilization of the piezoelectric harvesters is to be located at the center 
of the tires. This provides a rotational motion of the harvester as the tires rotate. 
Matching the natural frequency of the piezoelectric harvester with the rotating 
frequency of the tires will help in maximizing the output harvested power. As stated 
by Gu and livermore [120], the impact frequency of the harvester is twice the rotational 
frequency that depends on the centrifugal force and rotational speed. Hu et al. [121] 
located a nanogenerator of size 1.5 cm × 0.5 cm in the inner surface of the car tire 
illustrated in Figure 21. The nanogenerator was designed to convert the mechanical 
energy of the tire’s motion into electrical energy using piezoelectric films bender. The 
work was conducted experimentally by utilizing the bicycle tire instead of real tire for 
the sake of simplicity. As much as the nanogenerator bent due to the tire’s deformation, 
the electric pulse was generated. The experimental results show that an output voltage 
of 1.5 V was generated with a travel distance of 12 mm and acceleration of 30 m/s2. 
The generated voltage could be stored in the battery or capacitor to power different 
electronic appliances. The study also concluded that the generated output voltage is 
directly proportional to the car speed, and the travel distance.  
 
Figure 21: A nanogenerator NG in the inner surface of the tire [121]. 
According to Zhang et al. [122], the ceramic piezoelectric harvester was 








car tire wheels as shown in Figure 22 (a). They have conducted experimental study in 
which a piezoelectric layer with dimensions of 7 cm ×1.5 cm ×1.5 cm was located at 
a shaker table with a frequency of 0 – 2000 Hz representing the tire rotation frequency. 
Figure 22 (b) represents the experimental setup that consists of energy harvester, 
shaker, accelerometer, and sensors. With a resistor of 252 kΩ, the system was able to 
capture a power of about 0.032 mW. In the actual test, the harvester was placed at the 
center of the front wheel tire of an electric car of type Coms, Toyota Auto Body.  
Piezoelectric harvester was connected to the wireless accelerometer and data 
acquisition system to measure the real output voltage per time. The test was conducted 
with different speeds of 10 km/h, 20 km/h, 30 km/h, and 40 km/h. The results show 
that, increasing the car speed resulted in increasing the collected power from the 
harvester until it reached approximately 0.017 mW. However, the highest average 
power among the four speeds occurred at a speed of 20 km/h for the case of stochastic 
resonance. 
 
Figure 22: Energy harvester at the center of the tire. (a) The actual tire experiment. (b) 
The experimental setup [122]. 
 
The energy harvester proposed by Apollo project [123] was enough  to generate 















at a speed of 80 km/h. A film of size 8 cm × 8 cm was connected to the voltage 
converter circuit to convert the AC voltage to DC, as shown in Figure 23. The project 
concluded that the power output is linearly dependent on the piezoelectric film area, 
car wheel load, and its speed. Makki and Pop-Iliev [60] addressed three different 
piezoelectric energy harvesters illustrated in Figure 24. These are PZT unimorph 
bender mounted in the inner tire, PVDF thin sheet bonded to the tire, and PVDF ribbon 
attached to the tire bead. Among these three types, the PZT directly attached to the 
inner tire surface has the greatest power output of about 4.6 mW at a speed of 8 km/h. 
Moreover, PZT can withstand the high temperature of the tires without failure, and it 
is relatively cheap material (2 $ per 25 mm diameter sheet).  
 
Figure 23: A piezoelectric material inside the tire surface at the right-hand side and its 
voltage converter circuit at the left-hand side [123]. 
 
 
Figure 24: Three different piezoelectric energy harvesters. (a) Circular PZT bonded to 
the top circular tire. (b) PVDF element with rectifier circuit bonded to the tire. (c) 
Plastic ribbon with three PVDF bonded to the tire [60]. 
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The piezoelectric material can be mode led as a new regenerative shock absorber in 
the CSS. Installing a piezoelectric material with the shock absorber helps in 
generating electricity as the piston compresses the damping fluid inside the shock 
absorber and creates a pressure that deforms the piezoelectric material. Several 
proposed designs apply the same concept. For instance, Lee et al. [124] modeled a 
regenerative shock absorber called PESHA that is made of two piezoelectric layers 
stacked in the shock absorber. The system was able to produce an electric charge 
when exposed to vibrations that effect in changing in the fluid pressure induced by 
the piston displacement. Whereas, Lafarge et al. [125] focused on studying the 
effectiveness of the location of the piezoelectric material mounted on the shock 
absorber. The two proposed different locations are shown in  
Figure 25.  They found that locating PZT-5H between the two surfaces in the 
absorber (d33) harvest more energy than locating it on the damper’s surface (d31).  
 
Figure 25: Piezoelectric material on the shock absorber. (a) Piezoelectric material 
between two surfaces. (b)  Piezoelectric material on the damper surface [125]. 
 
Furthermore, Ali and Adhhikari [126] modeled a piezoelectric shock absorber 
as a single degree of freedom that is coupled to the electric circuit made of electrical 
Piezoelectric element between 
two surfaces 























capacitance and resistance. The proposed system was excited by sinusoidal wave input 
with constant frequency, while, Madhav and Ali [127] subjected their model to the 
random input excitation. The aim of the two models (presented in Figure 26) were to 
find the optimal mechanical and electrical parameters in order to get the maximum 
power output and minimum system’s vibrations. 
 
Figure 26: Energy harvesting system of piezoelectric vibration absorber [126], [127]. 
Some investigators used a multilayer piezoelectric stack as an alternative 
approach to increase the harvested energy. Arizti [128] modified the suspension shock 
absorber tube by installing the piezoelectric stack in the top of the piston as clearly 
shown in Figure 27. As the car passed over the bump, the energy from the piezoelectric 
stack of type PSt 1000/25/40 can be produced from the movement of the piston. The 
harvested voltage from one bump in the road was recorded as 17.69 mV. However, the 
harvested power from the proposed system was not calculated in this study. The study 
was also proposing the factors that were affecting the effectiveness of the piezoelectric 
stack as for examples, increasing the number of layers and/or the layer’s thickness.  
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Figure 27: Piezoelectric stack inside the shock absorber tube [128].  
Moreover, Hendrowati et al. [129] impeded a multilayer piezoelectric stack 
with the suspension system. A piezoelectric stack made of 15 layers was connected in 
series with the suspension spring in the QCM. Multilayer piezoelectric vibration 
energy harvesting (ML PZT VEH) used was based on transferring the vertical 
displacement of the suspension system into horizontal displacement to magnify the 
spring force applied on the piezoelectric stack. The proposed ML PZT VEH principle 
which is presented in Figure 28 helped increases the harvested power by a value of 
7.17 times higher than the direct installing to the suspension system. Unlike Xiao et 
al. [115] and Al-Yafeai et al. [116] models, Hendrowati et al. [129] considered the 
stiffness coefficient of the piezoelectric stack in the calculations. However, the values 
of the stiffness coefficient the piezoelectric dielectric permittivity ε33,  and the 
resistance R were not clearly specified. 
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Figure 28: QCM with ML PZT VEH mechanism [129]. 
It is of importance to compare the different piezo element-based harvesters 
available in the literature up to date regardless of the specification of them. Table 6 
summarizes the harvested energy obtained from the different CSS considered in the 
literature. The harvested systems are different in the configurations (cantilever and 
stack), locations of the piezoelectric element in the suspension system (springs, shock 
absorbers, and wheels), the suspension system models (quarter or half), and the road 
input excitation (harmonic or random). It can be noticed that the harvested power 
ranges from 0.001 mW to 3.9 W which is limited when compared with the 
available/dissipated energy. The main focus of some researchers was only on the 
evaluation of the dissipated energy from CSS not on the harvested energy [130]. 
Further, some researchers have evaluated the harvested energy using other techniques 




























Table 6: Different energy harvesting of CSS with their specifications and important outcomes.  
References Type of Piezo 
Location of 
Piezo 











Xiao et al. [115] 
(2015) 
PZT 





Harmonic 1.45 Hz 274.62 V 2.48 W 
NA 
 
Al-Yafeai et al. 
[116] (2019) 
PZT 





Harmonic 1.45 Hz 486 V 3.9 W 
NA 
 
Xie and Wang [37] 
(2015) 







classes of B, 
C, & D 
35 km/h NA 
NA 
 
Class B: 40 W 
Class C: 162 W 
Class D: 652 W 
 








of class B 
30 km/h NA NA 18.83 W 
Lafarge et al. [118] 
(2018) 
Cantilever beam 
made of two 
PZT 27 layers 
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Table 6: Different energy harvesting of CSS with their specifications and important outcomes (cont’d). 
References Type of Piezo 
Location of 
Piezo 


















NA NA 40 km/h NA 14 mW NA 




Inner surface of 
the tire 
NA NA 30 m/s2 1.5 V 70 µW/cm2 NA 























PVDF Inner tire surface NA NA 80 km/h NA 0.9 mW NA 
Makki and       
Pop-Iliev [60] 
(2011) 
• PZT unimorph 
bender 
• PVDF thin 
sheet 
• PVDF ribbon 
Inner tire NA NA 
9 km/h 
• 45.5 V 
• 62.3 V 
• 18.7 V 
• 4.6 mW 
• 0.85 mW 
• 0.23 mW 
NA 
 
Lee et al. [124] 
(2013) 
Two parallel 
plated of PZT 4 









Table 6: Different energy harvesting of CSS with their specifications and important outcomes (cont’d). 















• Stacked on the 
damper’s surface 
d31 
• Placed between 
two surfaces d33 
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(2 DOF) 





























Arizti [128] (2010) PZT stack Shock absorber NA NA NA 17.69 mV NA NA 
Hendrowati et al. 
[129] (2012) 
PZT stack 













2.5 Electronic circuit of piezoelectric harvesting system 
The harvested energy from the piezoelectric material must be accumulated and 
stored. Without this stage, the resultant harvested power will be dissipated with no 
utilization. Having a piezoelectric energy harvester requires a rectifier circuit in order 
to convert the AC wave from the harvester to the DC voltage which is suitable for 
energy storage. The most simple and common rectifier circuit used in the literature 
was the full-wave rectifier with diode bridge [131]–[134]. The output voltage from the 
piezoelectric element will be first rectified and then accumulated through the large 
smoothing capacitor. The smoothing capacitor is placed in parallel with the battery to 
be charged. The schematic diagram of the piezoelectric harvesting circuit is shown in 
Figure 29. 
 
Figure 29: Schematic of battery charging circuit.   
After rectification, some researchers were focused on developing the 
harvesting energy circuits to feed the batteries or the external electronic load by having 
voltage regulators. The voltage regulators could be a step-up or step-down converter. 
For instance, Ottman et al. [135] developed a harvesting circuit made from the ac-dc 
rectifier, capacitor, and electrochemical battery. An additional switch mode dc-dc step-












control technique of the converter helps in varying the switching frequency to increase 
the current flow to the battery and adjusted the duty cycle. The corresponding 
harvesting circuit was implemented in bimorph piezoelectric bender and showed that 
the power was increased by 400% when compared to the circuit with no dc-dc step-
down converter. Yet, the corresponding control circuit required more power than the 
power generated by the piezoelectric element. Consequently, Hofmann et al. [136] 
used  the same circuit of Ottman et al. [135] but with a fixed duty cycle to maximize 
the harvested power. The tested optimal duty cycle experimentally agreed with the 
analytical value of 2.81%. The results also showed that, the harvested power from the 
proposed circuit was increased up to 30.66 mW which is over three times the direct 
charging of the battery.    
The harvested energy from the piezoelectric material is not sufficient to 
directly power the electronic appliances. It needs a mode of storing device before 
utilizing it. This could be done by having a capacitor or a rechargeable battery. Having 
capacitors as an energy storage device was studied by many researchers [137]–[140]. 
Due to their high-power density, they charged and discharged very rapidly, making 
them more applicable for only rapid energy transfer systems. However, most of the 
literature work concluded that, using capacitors as a storage device was not an efficient 
method when compared to the rechargeable batteries. This was also confirmed by 
Sodano and his team [141] who tested the piezoelectric plates with two different 
storage devices; capacitor and battery.  It was found that using a rechargeable battery 
resulted in better power efficiency and storage. Using a battery as a storage source will 
allow a large variety of electronic devices to be powered when compared to the 
capacitor due to its quick discharge rate. However, the batteries have a limited number 






lifetime cycles, Lead Acid (500 – 1000 cycles), Nickel Cadmium (2000 – 2500 cycles), 
Sodium Sulphur (2500 cycles), Lithium-Ion (up to 10,000 cycles). After the 
corresponding life cycles, the battery’s capacity significantly falls under 80% of its 
original capacity.   
Another new approach for a storage medium rather than the conventional 
capacitor or battery is using supercapacitors [143]–[145]. Supercapacitors, also called 
ultracapacitor, have a capacitance and stored energy much higher than the 
conventional one. Also, their cycle life compared to the electrochemical batteries could 
reach up to 106 cycles [146]. Guan and Liao [147] conducted a comparison study of 
supercapacitors with the rechargeable batteries. The experimental setup with different 
storage devices is shown in Figure 30. They reported that, the charge/discharge 
efficiencies of the supercapacitors compared to the Lithium-Ion and Nickel Metal 
batteries were 95%, 92%, and 65%, respectively. However, the self-discharge rate of 
the ultracapacitors was high compared to the electrochemical batteries that were 
resulting in losing most of their stored energy within few days  [108], [114], [115]. 
One of the solutions proposed by Tolentino and Talampas [150] was to combine the 
rechargeable battery with the supercapacitor as an energy storage unit. They used the 
Lithium-Ion battery as a primary storage unit while the supercapacitor as a secondary 







Figure 30: Piezoelectric energy harvesting system. (a) Experimental set up. (b) 
Different storage devices [147]. 
 
2.6 Utilization of the harvested energy  
Nowadays, micro-electro-mechanical systems (MEMS) and wireless 
technology have been identified as one of the most promising technologies for the 21st 
century. Different types of wireless sensors could be placed everywhere. Thus, it is 
necessary to have their own power supply rather than the traditional electrochemical 
batteries. Powering remote sensors through piezoelectric material providing endless 
energy for the sensor’s lifespan. Various sensors could be utilized in different 
applications, such as industrial, medical, and commercial applications. For instance, 
using wireless remote sensors to provide a smart lighting system, monitor sleep and 
heart beating, and monitor public infrastructures like roads and bridges. Some of the 
worldwide countries such as USA (California), and Italy have proposed the 
piezoelectric energy-generating roads by placing the piezoelectric materials 
underneath the roads in order to utilize the harvested electrical energy in powering the 
(a) 
Supercapacitor Nickel Metal Lithium-Ion 
(b) 
Shaker  Piezoelectric  
Rectifier  






road signs and lights [151], [152]. Also, Japan has been established the idea of 
harvesting energy via piezoelectric material. In Japan station, the piezoelectric 
materials were placed under the ticket gates. The harvested energy from passengers 
walk was utilized in order to run the automatic ticket gates and electronic displays 
[77]. 
Furthermore, the vibrations generated from the car’s travel can be converted 
into electricity to be either utilized or stored in a battery. The utilization of the 
harvested energy is considered in powering various appliances like car sensors, 
smartphones, smartwatches, etc. Besides, the battery that stored the harvested energy 
could act temporarily in emergency cases. For example, in case of shutting off the 
car’s, the spare battery will help to jump-start the car. Many other applications may 















Chapter 3: Mathematical Models 
3.1 Mathematical models without piezoelectric stack  
The mathematical model for the pure mechanical system will be conducted for 
both quarter and HCM. The procedures of modeling the mechanical systems 
theoretically and experimentally will be discussed in the following sections.   
3.1.1 Quarter car model (QCM) 
The simplest representation of the real car is modeling it as a QCM. It examines 
only the vertical vibrations of the car body (bouncing) which can be useful for 
preliminary design. The two degrees of freedom system in a QCM (shown in Figure 
31) represents the one-fourth of the car, and it consists of two solid masses known as 
sprung and unsprung masses. The sprung mass Ms represents a quarter of the car body, 
and the unsprung mass Mus represents one car tire assembly. The primary suspension 
which is made of the spring Ks and linear viscous damper bs is supporting the sprung 
mass. Whereas, the unsprung mass is in direct contact with the road surface through 
spring and damper that represent the tire stiffness Kus and tire absorptivity bus 
respectively. The car is excited by the road excitation YR which will cause the vertical 
displacement of the car body Ys as well as the tire Yus. The QCM can be easily modeled 
applying Newton’s 2nd law. The two equations of motion of two DOF are illustrated as 
follows (note that the system is in stable equilibrium), 
The equation of the vertical motion of the unsprung mass  
𝑀𝑢𝑠?̈?𝑢𝑠 = 𝐾𝑠(𝑌𝑠 − 𝑌𝑢𝑠) + 𝑏𝑠(?̇?𝑠 − ?̇?𝑢𝑠) − 𝐾𝑢𝑠(𝑌𝑢𝑠 − 𝑌𝑅) − 𝑏𝑢𝑠(?̇?𝑢𝑠 − ?̇?𝑅) (8) 






𝑀𝑠?̈?𝑠 = −𝐾𝑠(𝑌𝑠 − 𝑌𝑢𝑠) − 𝑏𝑠(?̇?𝑠 − ?̇?𝑢𝑠) (9) 
where: 
Ẏs, Ẏus, and ẎR are the velocity of the sprung, unsprung, and road, respectively. 
Ÿs, Ÿus, and ŸR are the acceleration of the sprung, unsprung, and road, respectively. 
  
Figure 31: Quarter car model (QCM). 
3.1.2 Half car model (HCM) 
HCM is represented as four DOF that consists of the bounce Ys and pitch 
motion θs of the car body and the vertical translations of the front Yuf and rear axles 
Yur. Half car body is connected to the front and rear tires and that is represented in 
Figure 32. The sprung mass Ms is free to bounce and pitch. While, the front Muf and 
rear Mur unsprung masses are free to bounce vertically with respect to the half car 
body. The front and rear suspension systems between the sprung mass and unsprung 
masses are modeled as front and rear linear viscous dampers (bsf and bsr) and springs 
𝑌𝑢𝑠 













(Ksf and Ksr), whereas, the both tires are modelled as linear springs (Kuf and Kur) and 
dampers (buf and bur). The four equations of motion are derived as follows 
The equation of the vertical motion of the front unsprung mass  
𝑀𝑢𝑓?̈?𝑢𝑓 = −𝐾𝑢𝑓(𝑌𝑢𝑓 − 𝑌𝑅𝑓) − 𝑏𝑢𝑓(?̇?𝑢𝑓 − ?̇?𝑅𝑓) + 𝐾𝑠𝑓(𝑌𝑠 − 𝐿𝑓𝜃𝑠 − 𝑌𝑢𝑓)
+ 𝑏𝑠𝑓(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑢𝑓) 
(10) 
The equation of the vertical motion of the rear unsprung mass  
𝑀𝑢𝑟?̈?𝑢𝑟 = −𝐾𝑢𝑟(𝑌𝑢𝑟 − 𝑌𝑅𝑟) − 𝑏𝑢𝑟(?̇?𝑢𝑟 − ?̇?𝑅𝑟) + 𝐾𝑠𝑟(𝑌𝑠 + 𝐿𝑟𝜃𝑠 − 𝑌𝑢𝑟)
+ 𝑏𝑠𝑟(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑢𝑟) 
(11) 
The equation of the vertical motion of the sprung mass  
𝑀𝑠?̈?𝑠 = −𝐾𝑠𝑓(𝑌𝑠 − 𝐿𝑓𝜃𝑠 − 𝑌𝑢𝑓) − 𝑏𝑠𝑓(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑢𝑓)
− 𝐾𝑠𝑟(𝑌𝑠 + 𝐿𝑟𝜃𝑠 − 𝑌𝑢𝑟) − 𝑏𝑠𝑟(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑢𝑟) 
(12) 
The equation of the angular motion of the sprung mass  
𝐼𝑠?̈?𝑠 = 𝐿𝑓[𝐾𝑠𝑓(𝑌𝑠 − 𝐿𝑓𝜃𝑠 − 𝑌𝑢𝑓) + 𝑏𝑠𝑓(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑢𝑓)]
− 𝐿𝑟[𝐾𝑠𝑟(𝑌𝑠 + 𝐿𝑟𝜃𝑠 − 𝑌𝑢𝑟) + 𝑏𝑠𝑟(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑢𝑟)] 
(13) 
All symbols used in the equations are presented in the nomenclature. 
The road profile is approximated by harmonic acceleration excitation that 
excites the car front tire ŸRf (t) and the rear tire with the following delayed function 
ŸRr (t): 






In the above equation, a is the acceleration amplitude of the sine wave, ω is the angular 
frequency, and τ is the time delay  𝜏 =
𝐿
𝑢
 ay given by, where L and u are the car 
wheelbase and velocity, respectively. 
 
Figure 32: Half car model (HCM). 
3.2 Mathematical models with piezoelectric stack 
The governing equations of the electromechanical model having piezoelectric 
harvester stacks mounted in series with suspension spring are derived. The derived 
governing equations for both quarter and half car models are presented in Laplace 
transformation and illustrated in the following sections.   
3.2.1 Piezoelectric stack model 
As discussed previously in the chapter 2, the location of the piezoelectric stack 
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element will be connected in series with the sprung stiffness in order to not affecting 
the mechanical performance of the suspension system. Whereas having a piezoelectric 
stack in parallel connection with the suspension spring increases the equivalent 
suspension system stiffness and consequently affects the ride quality and 
comfortability. Figure 33 shows the equivalent stiffness in both cases. The equivalent 
stiffness in the series connection will be approximately equal to the stiffness of the 
















≈ 𝐾𝑠 𝐾𝑒𝑞 = 𝐾𝑝 + 𝐾𝑠 
Figure 33: Equivalent stiffness in different connections. (a) Series. (b) Parallel 
connections. 
 
The mathematical representation of the piezoelectric element is mainly 
expressed as the resorting force in the piezoelectric stack element  and the output 
current from the piezoelectric material ip. The restoring force in equation (20) consists 
of the mechanical and electrical forces with neglecting the effect of piezoelectric 
damping. The electric circuit is included in order to collect and store the energy 
converted from the vibration energy. The integrated circuit shown in Figure 34 
composed of the piezoelectric material that is modelled as a piezoelectric capacitance 
Cp and resistance Rp with the output AC voltage Vp connected to the external circuit. 
The external rectified circuit consists of the bridge rectifier made of four ideal silicon 









external load Re. The smoothing capacitor is utilized to reduce the ripple of the output 
AC-DC signal.  
 
Figure 34: Piezoelectric energy harvesting circuit. 
For the piezoelectric element, the relationship between the electrical and 
mechanical variables can be derived as follows [153]:  
𝐹𝑝 = 𝐾𝑝𝑌𝑝(𝑡) + 𝛼𝑉𝑝(𝑡) (15) 
𝑖𝑝 = 𝛼?̇?𝑝 − 𝐶𝑝?̇?𝑝 (16) 
where the featuring quantities are the short circuit stiffness of piezoelectric stack 
material Kp, the relative displacement between the sprung and unsprung masses Yp, 
and the force factor α. The mathematical expression of these quantities are illustrated 
in equations (17) - (19) which are defined as a function of the piezoelectric parameters 
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where Ap and hp are the surface area and thickness of one layer of the piezoelectric 
stack and the total length of the stack is defined by the following equation. 
𝑙𝑝 = 𝑁ℎ𝑝 (20) 
Table 7: Piezoelectric parameters [154]. 
Parameter  Value  Unit  
E33 53 GPa 
d33 600 pm/V 
ԑ33 39.975 nF/m 
 
When a piezoelectric voltage is equal to the output rectified voltage, the diodes 
conduct, and the current ip flows from the piezo stack into the external rectifier circuit 













            𝑖𝑓 𝑉𝑝 = −𝑉
    0                           𝑖𝑓 |𝑉𝑝| < 𝑉
 (21) 
From piezoelectric harvesting circuit shown in Figure 34, the resistors and 
capacitors are connected in parallel. As the piezoelectric resistance is much higher than 
the external load resistance, the equivalent resistance R is equal to the external 
resistance R ≈ Re. It is also assumed that the smoothing capacitor Ce is enormous 
compared to the piezoelectric capacitance Cp; thus the DC rectified voltage is 
approximated as a constant over a cycle [155], [156]. The equivalent capacitance 
equals to the piezoelectric capacitance C ≈ Cp. The external load is modelled as a 






which means the diode drop is negligible [157]. As a result, the piezoelectric 
harvesting circuit can be simplified as the equivalent electric circuit as shown in Figure 
35 and equation (22). 
𝑉
𝑅
= 𝛼?̇?(𝑡) − 𝐶?̇?(𝑡) (22) 
 
Figure 35: Equivalent electric circuit. 
3.2.2 Quarter car model (QCM) with PZT stack 
 The quarter car model with piezoelectric stack connected in series with the 
suspension springs is shown in Figure 36. The equations of motion in Laplace 
transformation are illustrated as the following:  
The equation of vertical motion of the unsprung mass:  
𝑀𝑢𝑠?̈?𝑢𝑠 = −𝐾𝑢𝑠(𝑌𝑢𝑠 − 𝑌𝑅) − 𝑏𝑢𝑠(?̇?𝑢𝑠 − ?̇?𝑅) + 𝐾𝑠(𝑌𝑝 − 𝑌𝑢𝑠)
+ 𝑏𝑠(?̇?𝑠 − ?̇?𝑢𝑠) 
(23) 
Applying Laplace transformation:  
[𝑀𝑢𝑠𝑠
2 + (𝑏𝑢𝑠 + 𝑏𝑠)𝑠 + (𝐾𝑢𝑠 +𝐾𝑠)]𝑌𝑢𝑠
= (𝑏𝑢𝑠𝑠 + 𝐾𝑢𝑠)𝑌𝑅 + (𝑏𝑠𝑠)𝑌𝑠 + (𝐾𝑠)𝑌𝑝 
(24) 
The vertical displacement of the unsprung mass can be written as:  
𝑌𝑢𝑠 = 𝐴1𝑌𝑅 + 𝐴2𝑌𝑠 + 𝐴3𝑌𝑝 (25) 

















𝑀𝑢𝑠𝑠2 + (𝑏𝑢𝑠 + 𝑏𝑠)𝑠 + (𝐾𝑢𝑠 + 𝐾𝑠)
]  
The equation of vertical motion of the quarter sprung mass:  
𝑀𝑠?̈?𝑠 = −𝑏𝑠(?̇?𝑠 − ?̇?𝑢𝑠) − 𝐾𝑝(𝑌𝑠 − 𝑌𝑝) − 𝛼𝑉𝑝 (26) 
Applying Laplace transformation:   
[𝑀𝑠𝑠
2 + 𝑏𝑠𝑠 + 𝐾𝑝]𝑌𝑠 = (𝑏𝑠𝑠)𝑌𝑢𝑠 + (𝐾𝑝)𝑌𝑝 − (𝛼)𝑉𝑝 (27) 
The vertical displacement of the unsprung mass can be written as:   
𝑌𝑠 = 𝐴4𝑌𝑢𝑠 + 𝐴5𝑌𝑝 − 𝐴6𝑉𝑝 (28) 
where   
𝐴4 = [
𝑏𝑠𝑠








𝑀𝑠𝑠2 + 𝑏𝑠𝑠 + 𝐾𝑝
]  






𝑀𝑝?̈?𝑝 = −𝐾𝑠(𝑌𝑝 − 𝑌𝑢𝑠) + 𝐾𝑝(𝑌𝑠 − 𝑌𝑝) + 𝛼𝑉𝑝 (29) 
Applying Laplace transformation:   
[𝑀𝑝𝑠
2 + (𝐾𝑠 + 𝐾𝑝)]𝑌𝑝 = (𝐾𝑠)𝑌𝑢𝑠 + (𝐾𝑝)𝑌𝑠 + (𝛼)𝑉𝑝 (30) 
The vertical displacement of the sprung mass can be written as:   
𝑌𝑝 = 𝐴7𝑌𝑢𝑠 + 𝐴8𝑌𝑠 + 𝐴9𝑉𝑝 (31) 
where   
𝐴7 = [
𝐾𝑠








𝑀𝑝𝑠2 + (𝐾𝑠 + 𝐾𝑝)
]  
The governing equations for the equivalent electrical system as derived in equation 
(22) can be modified and written separately in Laplace transformation as:  
𝑉 = 𝛼𝑅(?̇?𝑠 − ?̇?𝑝) − 𝐶𝑅?̇? (32) 
Applying Laplace transformation:   
(𝐶𝑅𝑠 + 1)𝑉 = (𝛼𝑅𝑠)𝑌𝑠 − (𝛼𝑅𝑠)𝑌𝑝 (33) 
The harvested voltage and power are   
















Figure 36: QCM with PZT stack. 
3.2.3 Half car model (HCM) with PZT stack 
 The half car model with piezoelectric stack connected in series with the front 
and rear suspension springs is shown in Figure 37. The equations of motion in Laplace 
transformation are illustrated as the following:  
The equation of vertical motion of the front unsprung mass:  
𝑀𝑢𝑓?̈?𝑢𝑓 = −𝑏𝑢𝑓(?̇?𝑢𝑓 − ?̇?𝑅𝑓) − 𝐾𝑢𝑓(𝑌𝑢𝑓 − 𝑌𝑅𝑓) + 𝑏𝑠𝑓(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑢𝑓)
+ 𝐾𝑠𝑓(𝑌𝑝𝑓 − 𝑌𝑢𝑓) 
(36) 
𝑌𝑢𝑠 
















Applying Laplace transformation:  
[𝑀𝑢𝑓𝑠
2 + (𝑏𝑠𝑓 + 𝑏𝑡𝑓)𝑠 + (𝐾𝑠𝑓 + 𝐾𝑡𝑓)]𝑌𝑢𝑓
= (𝑏𝑢𝑓𝑠 + 𝐾𝑢𝑓)𝑌𝑅𝑓 + (𝑏𝑠𝑓𝑠)𝑌𝑠 − (𝑏𝑠𝑓𝐿𝑓𝑠)𝜃𝑠 + (𝐾𝑠𝑓)𝑌𝑝𝑓 
(37) 
The vertical displacement of the front unsprung mass can be written as:  
















𝑀𝑢𝑓𝑠2 + (𝑏𝑠𝑓 + 𝑏𝑡𝑓)𝑠 + (𝐾𝑠𝑓 + 𝐾𝑡𝑓)
]  
The equation of vertical motion of the rear unsprung mass:  
𝑀𝑢𝑟?̈?𝑢𝑟 = −𝑏𝑢𝑟(?̇?𝑢𝑟 − ?̇?𝑅𝑟) − 𝐾𝑢𝑟(𝑌𝑢𝑟 − 𝑌𝑅𝑟) + 𝑏𝑠𝑟(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑢𝑟)
+ 𝐾𝑠𝑟(𝑌𝑝𝑟 − 𝑌𝑢𝑟) 
(39) 
Applying Laplace transformation:  
(𝑀𝑢𝑟𝑠
2 + (𝑏𝑠𝑟 + 𝑏𝑢𝑟)𝑠 + (𝐾𝑠𝑟 + 𝐾𝑢𝑟))𝑌𝑢𝑟







The vertical displacement of the rear unsprung mass can be written as:  
















𝑀𝑢𝑓𝑠2 + (𝑏𝑠𝑓 + 𝑏𝑡𝑓)𝑠 + (𝐾𝑠𝑓 + 𝐾𝑡𝑓)
]  
The equation of vertical motion of the half-sprung mass:  
𝑀𝑠?̈?𝑠 = −𝑏𝑠𝑓(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑢𝑓) − 𝑏𝑠𝑟(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑢𝑟)
− 𝐾𝑝𝑓(𝑌𝑠 − 𝐿𝑓𝜃𝑠 − 𝑌𝑝𝑓) − 𝐾𝑝𝑟(𝑌𝑠 + 𝐿𝑟𝜃𝑠 − 𝑌𝑝𝑟)
− (𝛼)𝑉𝑝𝑓 − (𝛼)𝑉𝑝𝑟 
(42) 
Applying Laplace transformation:   
(𝑀𝑠𝑠
2 + (𝑏𝑠𝑓 + 𝑏𝑠𝑟)𝑠 + (𝐾𝑝𝑓 + 𝐾𝑝𝑟))𝑌𝑠
= ((𝑏𝑠𝑓𝐿𝑓 − 𝑏𝑠𝑟𝐿𝑟)𝑠 + (𝐾𝑝𝑓𝐿𝑓 − 𝐾𝑝𝑟𝐿𝑟)) 𝜃𝑠 + (𝑏𝑠𝑓𝑠)𝑌𝑢𝑓
+ (𝑏𝑠𝑟𝑠)𝑌𝑢𝑟 + (𝐾𝑝𝑓)𝑌𝑝𝑓 + (𝐾𝑝𝑟)𝑌𝑝𝑟 − (𝛼)𝑉𝑝𝑓 − (𝛼)𝑉𝑝𝑟 
(43) 






𝑌𝑠 = 𝐴19𝜃𝑠 + 𝐴20𝑌𝑢𝑓 + 𝐴21𝑌𝑢𝑟 + 𝐴22𝑌𝑝𝑓 + 𝐴23𝑌𝑝𝑟 − 𝐴24𝑉𝑝𝑓 − 𝐴24𝑉𝑝𝑟 (44) 
where   
𝐴19 = [
(𝑏𝑠𝑓𝐿𝑓 − 𝑏𝑠𝑟𝐿𝑟)𝑠 + (𝐾𝑝𝑓𝐿𝑓 − 𝐾𝑝𝑟𝐿𝑟)




















𝑀𝑠𝑠2 + (𝑏𝑠𝑓 + 𝑏𝑠𝑟)𝑠 + (𝐾𝑝𝑓 + 𝐾𝑝𝑟)
]  
The equation of angular motion of the half-sprung mass:  
𝐼𝑠?̈?𝑠 = 𝐿𝑓(𝑏𝑠𝑓(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑢𝑓) + 𝐾𝑝𝑓(𝑌𝑠 − 𝐿𝑓𝜃𝑠 − 𝑌𝑝𝑓) + 𝛼𝑉𝑝𝑓)
− 𝐿𝑟(𝑏𝑠𝑟(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑢𝑟) + 𝐾𝑝𝑟(𝑌𝑠 + 𝐿𝑟𝜃𝑠 − 𝑌𝑝𝑟)
+ 𝛼𝑉𝑝𝑟) 
(45) 












= ((𝑏𝑠𝑓𝐿𝑓 − 𝑏𝑠𝑟𝐿𝑟)𝑠 + (𝐾𝑝𝑓𝐿𝑓 − 𝐾𝑝𝑟𝐿𝑟)) 𝑌𝑠
− (𝑏𝑠𝑓𝐿𝑓𝑠)𝑌𝑢𝑓 + (𝑏𝑠𝑟𝐿𝑟𝑠)𝑌𝑢𝑟 − (𝐾𝑝𝑓𝐿𝑓)𝑌𝑝𝑓
+ (𝐾𝑝𝑟𝐿𝑟)𝑌𝑝𝑟 + (𝛼𝐿𝑓)𝑉𝑝𝑓 − (𝛼𝐿𝑟)𝑉𝑝𝑟 
(46) 
The angular displacement of the sprung mass can be written as:   
𝜃𝑠 = 𝐴25𝑌𝑠 − 𝐴26𝑌𝑢𝑓 + 𝐴27𝑌𝑢𝑟 − 𝐴28𝑌𝑝𝑓 + 𝐴29𝑌𝑝𝑟 + 𝐴30𝑉𝑝𝑓 − 𝐴31𝑉𝑝𝑟 (47) 
where  
𝐴25 = [
(𝑏𝑠𝑓𝐿𝑓 − 𝑏𝑠𝑟𝐿𝑟)𝑠 + (𝐾𝑝𝑓𝐿𝑓 − 𝐾𝑝𝑟𝐿𝑟)
𝐼𝑠𝑠2 + (𝑏𝑠𝑓𝐿𝑓












































The equation of the front and rear piezoelectric elements: 
Front piezoelectric stack:   
𝑀𝑝𝑓?̈?𝑝𝑓 = −𝐾𝑠𝑓(𝑌𝑝𝑓 − 𝑌𝑢𝑓) + 𝐾𝑝𝑓(𝑌𝑠 − 𝐿𝑓𝜃𝑠 − 𝑌𝑝𝑓) + (𝛼)𝑉𝑝𝑓 (48) 
Applying Laplace transformation:   
(𝑀𝑝𝑓𝑠
2 + (𝐾𝑠𝑓 + 𝐾𝑝𝑓))𝑌𝑝𝑓
= (𝐾𝑠𝑓)𝑌𝑢𝑓 + (𝐾𝑝𝑓)𝑌𝑠 − (𝐾𝑝𝑓𝐿𝑓)𝜃𝑠 + (𝛼)𝑉𝑝𝑓 
(49) 
The vertical displacement of the front piezoelectric stack can be written as  
𝑌𝑝𝑓 = 𝐴32𝑌𝑢𝑓 + 𝐴33𝑌𝑠 − 𝐴34𝜃𝑠 + 𝐴35𝑉𝑝𝑓 (50) 
where   
𝐴32 = [
𝐾𝑠𝑓












𝑀𝑝𝑓𝑠2 + (𝐾𝑠𝑓 + 𝐾𝑝𝑓)
]  
Rear piezoelectric stack:  






Applying Laplace transformation:   
(𝑀𝑝𝑟𝑠
2 + (𝐾𝑠𝑟 + 𝐾𝑝𝑟))𝑌𝑝𝑟
= (𝐾𝑠𝑟)𝑌𝑢𝑟 + (𝐾𝑝𝑟)𝑌𝑠 + (𝐾𝑝𝑟𝐿𝑟)𝜃𝑠 + (𝛼)𝑉𝑝𝑟 
(52) 
The vertical displacement of the rear piezoelectric stack can be written as  
𝑌𝑝𝑟 = 𝐴36𝑌𝑢𝑟 + 𝐴37𝑌𝑠 + 𝐴38𝜃𝑠 + 𝐴39𝑉𝑝𝑟 (53) 
where   
𝐴36 = [
𝐾𝑠𝑟












𝑀𝑝𝑓𝑠2 + (𝐾𝑠𝑓 +𝐾𝑝𝑓)
]  
The governing equations for the equivalent electrical system as derived in equation 
(22) can be modified and written separately in Laplace transformation as: 
The front harvested voltage and power:  
𝑉𝑓 = 𝛼𝑅(?̇?𝑠 − 𝐿𝑓?̇?𝑠 − ?̇?𝑝𝑓) − 𝐶𝑅?̇?𝑓 (54) 
Applying Laplace transformation:   











The rear harvested voltage and power:  
𝑉𝑟 = 𝛼𝑅(?̇?𝑠 + 𝐿𝑟?̇?𝑠 − ?̇?𝑝𝑟) − 𝐶𝑅?̇?𝑟 (57) 
Applying Laplace transformation:   

























𝑌𝑅𝑟  𝑌𝑅𝑓  
𝑏𝑢𝑟 
 
𝐾𝑢𝑓 𝐾𝑢𝑟  𝑏𝑢𝑓 















Chapter 4: Experimental Setup 
Figure 38 demonstrates the experimental setup used in this work. The system 
represents the QCM with a piezoelectric stack attached to the shaker for testing. The 
other subsystems used in the experiment are the shaker input with signal waveform 
generator and amplifier, data acquisition system, and electrical circuit.   
 
Figure 38: Experimental setup of QCM with piezoelectric stack. 
4.1 Quarter car model with piezoelectric stack 
QCM shown in Figure 39 consists of three masses, (or three plates) that are 
made of Poly(methyl methacrylate) (PMMA). The plates from the bottom represent 
the road input, unsprung mass, and sprung mass with dimensions of 30 cm × 15 cm. 
The thickness of the sprung plate is 6 mm, while for the road and unsprung plates it is 
4 mm. There are four recesses at the bottom of the sprung plate to set in the 
piezoelectric stacks. Four bottom springs (e.g., the spring store PC1880) installed 
between the bottom and middle plates represent the tire stiffness, each with a free 
length of 41.402 mm, outer diameter of 22.225 mm, and stiffness coefficient of 1550 














sprung and unsprung masses represent to the suspension springs with a free length of 
57.15 mm, outer diameter of 22.6 mm, and stiffness coefficient of 700 N/m. There are 
two shock absorbers (e.g., Amazon Rc Car 1/10 Shock Absorber Damper pair) that 
represent the suspension dampers each with a viscous damping coefficient of 25 Ns/m. 
Tipped masses of 1 kg and 0.6 kg are located at the center of the upper and middle 
plates that correspond to the sprung and unsprung masses, respectively. Four 
piezoelectric stacks are installed in series with the suspension springs through 
aluminum cylinders. The physical, electrical, and electromechanical properties of the 
piezoelectric stacks are presented in Table 8.  
 
















4.2 Vibration source input 
The quarter car system is driven by a single vibrator system of type VTS 100. 
The shaker is connected to the power amplifier from Crown XTi2000 and arbitrary 
waveform generator from Agilent 33220A. The setup shown in Figure 40 is used as a 
vibration source for the experiment to simulate the harmonic excitation of the road.  
 
Figure 40: Vibration source input. 
Table 8: Piezoelectric stack material properties. 
Property Symbol Value  Unit  
Length L 40 mm 
Area A 49 mm
2  
Mass M 15 g 
Density ρ 7.8 g/cm3 
Stiffness K 51 MN/s 
Capacitance C 4.5 µF 
Piezoelectric constant  d33 600 pm/V 
Elastic constant  E33 53 GPa 
Dielectric constant  ԑ33 30.975 nF/m 
Electromechanical coupling coefficient  k 0.65 NA 
Shaker 
Waveform generator 






4.3 Data acquisition system 
The road input acceleration is measured using the accelerometer (e.g., PCB 
Piezotronics 352C33) that is mounted on the road input plate. The accelerometer is 
then connected to the National Instruments (NI) Data Acquisition system (DAQ) of 
type NI 9234. Also, the piezoelectric stacks and electrical circuits are connected to the 
DAQ device of type NI 9225. The acceleration and voltage signals are acquired by 
utilizing the DAQ assistant installed in LABVIEW software that helps in reading the 
voltage and acceleration signals from different sensors in both time and frequency 
domains. The screenshot of the program used in the experiment is shown in Figure 41.  
 
Figure 41: LABVIEW program used in the experiment. 
4.4 Electrical circuit  
In this experiment, the piezoelectric stack is connected to an amplified circuit 
PDu100B to amplify the voltage output. This type of circuits allows for different 
































input with bipolar output type that will amplify the output voltage up to 55 times. The 
electrical circuit used is illustrated in Figure 42.  
 







Chapter 5: Results and Discussions 
5.1 Analytical results  
The analytical results from both quarter and half car models were obtained 
using MATLAB/Simulink under harmonic and random excitations in order to evaluate 
the harvested voltage and power from piezoelectric stack elements installed in series 
with the suspension springs. Different CSS as well as the piezoelectric parameters 
were examined for the HCM.  
5.1.1 Quarter vs. half car models 
5.1.1.1 Harmonic excitation  
 To investigate the performance of the QCM and HCM with built in 
piezoelectric stack, MATLAB/Simulink model shown in Figure 43 was built to carry 
out the time and frequency domains simulation. The CSS parameters used in both 





































































For harmonic excitation of any dynamic model, it is essential to calculate the 
natural frequencies of the system to determine the locations of the resonance. Studying 
the relation between the displacement amplitude of each system with the input road 
displacement amplitude in frequency domain helps in finding the resonant frequencies 
of the system. Since the QCM is two degrees of freedom (2 DOF), this means that it 
has two resonant frequencies (1.46 Hz and 9.68 Hz) that can be found from the peak 
values shown in Figure 44. However, four resonant frequencies for HCM are 
illustrated in Figure 45. The four peaks correspond to the pitch (1.06 Hz) and bounce 
motions (1.46 Hz) of the sprung mass and the other bounce motion of the front and 
rear unsprung masses (9.68 Hz).   
Table 9: Parameters used in the mathematical model of the quarter and half car 
suspension systems [115], [158]. 





Sprung mass Ms 260 kg 
Unsprung mass Mus 40 kg  
Suspension spring stiffness Ks 26,000 N/m 
Tire stiffness Kus 130,000 N/m 
Suspension damping coefficient bs 520 N.s/m 





Sprung mass Ms 520 kg 
Moment of inertia  Is 2,000 kg.m
2 
Front/rear unsprung masses Muf, Mur 40 kg  
Front/rear suspension stiffness Ksf, Ksr 26,000 N/m 
Front/rear tire stiffness Kuf, Kur 130,000 N/m 
Front/rear suspension damping  bsf, bsr 520 N.s/m 
Front/rear tire damping  buf, bur 265.73 N.s/m 
Distance from C.G. to the front axle Lf 1.23 m  







Figure 44: Displacement ratio of sprung and unsprung masses with respect to the input 
displacement in frequency domain for QCM. 
 
Figure 45: Displacement ratio of sprung and unsprung masses with respect to the input 






In this work, the piezoelectric stack of type PZT-5H was used since it is the 
best choice for energy harvesting applications due to the high value of piezoelectric 
constant d33, availability, and low cost [159]. The piezoelectric stacks were mounted 
in series with the suspension’s springs in QCM and HCM. Their mounting in this way 
will not affect the dynamic performance/response of the suspension system. The 
recommended natural frequency of the sprung mass is below 1.5 Hz [160]. A value of 
more than 1.5 Hz is not expected since it increases the acceleration of the car body and 
causes discomfort to the passengers. Also, the natural frequency of the pitch mode 
should be close to the bounce mode of the sprung mass and should not be affected 
during the pitch motion. Moreover, the unsprung masses natural frequencies should 
not be less than 8 Hz since the human body is more sensitive to the vertical vibration 
motion in the frequency range of 4 - 8 Hz [160]. The natural frequencies of the both 
energy harvesting systems presented in Table 10 matched the ranges that were 
recommended by Hossain and Chowdhury [160].  
 
For harmonic input excitation, the power that is available for harvesting is the 
amount of the power dissipated by the suspension dampers. Thus, the average potential 
power that can be harvested from the suspension dampers in one oscillation is the 
Table 10: Natural frequencies of QCM and HCM. 
 Natural frequency (ƒ) Value  Unit  
QCM 
Sprung bounce motion 1.46 Hz 
Unsprung bounce motion 9.68 Hz  
HCM 
Sprung pitch motion 1.06 Hz 
Sprung bounce motion 1.46 Hz  
Front unsprung bounce motion 9.68 Hz 






product of the damping force and its relative velocity that can be calculated for QCM 













where (Ys - Yus), (Ys - Lf θ - Yuf), and (Ys + Lr θ - Yur) are the amplitude of the relative 
displacements of the suspension. The average power dissipated by the suspension 
damper for QCM is depicted in Figure 46. The peak values of power dissipated from 
the suspension damper were occurred (as expected) at the resonant frequencies of the 
system. At the sprung resonant frequency (1.46 Hz), the dissipated power from the 
suspension damper was 1424 W, while it is remarkably increased to 15.54 kW at the 
unsprung resonant frequency (9.68 Hz).   
 
Figure 46: The variation of the average dissipated power by the suspension damper for 






For HCM, the average peak values of the dissipated power are recorded four 
times as presented in Figure 47. The lowest peak corresponded to the sprung pitch 
mode with a value of 187 W. At the sprung bounce mode, the average dissipated power 
increased to 2990 W. Whereas, at the unsprung bounce mode for the front and rear 
masses, the dampers dissipated the highest amout of power (31.131 kW). 
 
Figure 47: The variation of the average dissipated power by the suspension damper for 
HCM in the frequency domain. 
According to the ISO 13473-1 [162], the road texture was divided into four 
main categories depending on the value of the texture wavelength λ, i- microtexture: 
λ < 0.5 mm, ii- macrotexture: 0.5 mm < λ < 50 mm, iii- megatexture: 50 mm < λ < 0.5 
m and iv- unevenness: 0.5 m < λ < 50 m. The common unevenness texture wavelength 
used in the literature was 5 m [163]. The car traveling velocity u over a road is affected 








𝑢 = 𝜆𝑓 (62) 
Since most of the cars’ rigid body excitation frequency within the range [0.5 - 
15 Hz], so that the corresponding car velocity is varied between 9 km/h and 270 km/h 
[164]. The results from Figure 48 and Figure 49 show the average dissipated power 
for QCM and HCM at different velocity ranges. For the QCM, the two highest 
dissipated power were occurred at the velocities of 26.28 km/h and 174.24 km/h. On 
the other hand, the first dissipated power for the HCM was recorded when the car was 
traveled at a velocity of 19 km/h. The second corresponding peak that revealed to the 
sprung bouncing mode had a power dissipation of 2990 W. However, the average 
power increased significantly to 31 kW at the front and rear unsprung resonant 
frequency of 9.68 Hz with a velocity of 174.24 km/h. 
 
Figure 48: The variation of the average dissipated power by the suspension damper for 







Figure 49: The variation of the average dissipated power by the suspension damper for 
HCM in different car velocities. 
 
Inserting the piezoelectric stack that was made of 40 layers and with a surface 
area and length of 49 mm2 and 40 mm, respectively, was utilized in harvesting the 
dissipated power from the suspension systems. The steady-state responses for 
evaluating the harvested voltage and power were simulated by exciting the car using 
sinusoidal acceleration excitation input with an amplitude of 0.5 g (4.9 m/s2 ~ 
amplitude displacement of 0.05 m [129], [165]) and velocity of 9.17 rad/s. It can be 
observed from both QCM and HCM shown in Figure 50 and Figure 51 that, at the 
beginning time of simulation, there are a transient response to the excitation 
acceleration. The transient phase ends within very short period (~ milliseconds) and 
after this stage the maximum output voltage and power can be measured. At the steady 







around 19.11 V and 36.74 mW, respectively. The root mean square (RMS) was then 
calculated for the harmonic acceleration excitation through dividing the peak values 
by the square root of 2. Consequently, the RMS voltage and power values were found 
to be 13.51 V and 18.26 mW, respectively. 
 
Figure 50: Harvested voltage and power in the time domain for QCM. 
Two piezoelectric stacks were installed in series with the front and rear 
suspension springs in HCM. At the steady state phase (see Figure 51), the maximum 






corresponding RMS values were calculated and found to be 23.73 V and 28.13 mW 
for the harvested voltage and power, respectively. By comparing the generated 
outcomes from 4 DOF and 2 DOF models, the results clearly showed that the output 
voltage and power of HCM are increased by 75.6% and 53.38%, respectively.  
 
Figure 51: Harvested voltage and power in the time domain for HCM. 
The output harvested voltage and power were also studied in the frequency 
domain for QCM and HCM and the results are presented in Figure 52 and Figure 53. 






parameters (e.g. mass, stiffness coefficient, and damping coefficient) were kept fixed. 
The plots were conducted for each excitation frequency by taking the peak values of 
the harvested voltage and power at the steady state phase. The results showed that the 
highest value of the harvested voltage and power for both cases were occurred at 1.46 
Hz which matched with the sprung bouncing mode. However, for the HCM, the second 
peak was recorded at the sprung pitch mode of 1.06 Hz with the output voltage and 
power of 17.82 V and 31.74 mW, respectively. For the QCM and HCM, the lowest 
peak values were found at the bouncing mode of the unsprung masses (ƒ = 9.68 Hz). 
For the QCM, the harvested voltage and power were 1.427 V and 0.204 mW, 
respectively, in the other side, for the half car, the peaks were 2.815 V and 0.396 mW. 
Thus, it can be concluded, as expected, that the resonant frequencies, generate more 
harvested energy if compared with that of the non-resonant frequencies. 
 





































































Figure 53: Harvested voltage and power in the frequency domain for HCM. 
The harvested voltage and power at different car velocities are also 
demonstrated in Figure 54 for QCM and Figure 55 for HCM. It can be pointed out that, 
the trend of variation of the harvested voltage and power vs. frequency (Figure 52 and 
Figure 53) is similar to that of the harvested voltage and power vs. car velocity (Figure 
54 and Figure 55). The reason behind this similarity is that, the frequency and velocity 
are directly proportional to each other. This correlation is illustrated in equation (62) 
at a road wavelength λ of 5 m. The maximum values take place at the velocities 
corresponding to the resonant frequencies. Accordingly, the most significant output 
voltage and power occur at velocity of 26.28 km/h that corresponded to the sprung 
bounce resonant frequency of 1.46 Hz. While for the half model at the sprung pitch 
resonant frequency of 1.06 Hz, the corresponding car velocity was found to be 19.1 
km/h that could provide harvested voltage and power of 17.82 V and 31.74 mW, 
respectively. The lowest peaks of the harvested voltage and power for both models 




































































Figure 54: Harvested voltage and power at different car velocities for QCM. 
 
Figure 55: Harvested voltage and power at different car velocities for HCM. 
Taking the most common velocity ranges where the cars usually run [40 – 100 
km/h], the harvested voltage and power was calculated for both models as presented 

































































































































frequencies. It can be noticed that, the harvested voltage and power decrease with 
velocity. For QCM, the reduction in the harvested voltage and power were from 3.5 V 
to 1.16 V and 1.2 mW to 0.13 mW, respectively. However, for the HCM, the harvested 
voltage was decreased from 5.5 V to 0.5 V and the harvested power was decreased 
from 1.5 mW to 0.24 mW. Also, the harvested voltage and power at 40 km/h were 
more than the power harvested at the unsprung bounce resonant frequency (174.24 
km/h). This illustrates that yet the system can harvest power out of the resonant 
frequencies and within the most suitable velocity range at which the cars move. 
 
Figure 56: Harvested voltage and power in different car velocities at the non-resonance 





















































Figure 57: Harvested voltage and power in different car velocities at the non-resonance 
frequency for HCM. 
 
5.1.1.2 Random excitation  
When a car moves at a constant speed, the road roughness is considered as a 
stationary random process that is subjected to Gauss distribution. Random road profile 
can be expressed in the space domain in terms of power spectral density PSD using 
the equation [166]: 






where n is spatial frequency and no is spatial reference frequency (no=0.1 m
-1), Gq(no) 
denotes road roughness coefficient (m2/m-1), and W is called the waviness that represents 
the road wavelength to be either long or short. Usually, the waviness was taken to be 


















































 The spatial frequency Gq(n) is transferred to the time frequency Gq(ƒ) from the 
relation of the time frequency ƒ (s-1), spatial frequency n (m-1), and car speed u (m/s) 
as presented by equations (64) through (66): 
𝑓 = 𝑢 × 𝑛  (64) 


















  (66) 





For a stationary random process, the road roughness in the time domain is 
represented by filtering white noise generation method. Random road input of the front 
tire is expressed as following [117]: 
?̇?𝑅𝑓(𝑡) = 2𝜋𝑛𝑜𝑤(𝑡). √𝐺𝑞(𝑛𝑜)𝑢(𝑡) − 2𝜋𝑓𝑜𝑌𝑅𝑓(𝑡) (68) 
where w(t) is Gaussian white noise with mean zero and ƒo represents the cut-off 
frequency. Assuming the delay effect at the rear tire, the random road input can be 
expressed as ẎRr(t) = ẎRf(t − τ). Consequently, the random road input of the rear tire 













The car excitation input was tested by different road roughness profiles that 
were classified by ISO 8608 international standard [166] and illustrated in Table 11. 
The road roughness has several grades of road profile, starting from the very smooth 
road that is presented as class A to the very rough road of class H (see Table 11). 
Table 11: Road roughness level according to ISO 8608 [166]. 
Road Profile Grade 
𝑮𝒒(𝒏𝒐)(× 𝟏𝟎
−𝟔𝒎𝟑) 
𝒏𝒐 = 𝟎. 𝟏 𝒎
−𝟏 
Geometric Mean 
Class A 16 
Class B 64 
Class C 256 
Class D 1024 
Class E 4096 
Class F 16384 
Class G 65536 
Class H 262144 
 
Setting ƒo = 0 and assuming the car was traveled at a constant speed of 80 km/h, 
the harvested power from the QCM and HCM subjected to the different grade 
roughness of road profile was investigated at three main classes: A, C, and H. The 
simulation scheme for front and rear road roughness inputs with their signals for the 


















Figure 59: Road roughness signals. (a) Class A. (b) Class C. (c) Class H. 
The results for different road classes revealed that, the best road quality were 
presented by class A as shown in Figure 59 (a) and Error! Reference source not f
ound. which means it has a minor degree of roughness. As a result, the power that can 
be harvested from the QCM and HCM was minimal due to the less vibrations occurred 
to the suspension system. For QCM, the peak value was recorded as 0.0265 mW with 
RMS value of 0.00318 mW, while for HCM the peak value was 0.0328 mW with RMS 
value of 0.00489 mW. For class C, which is considered as an average road quality, the 
results were increased when compared to class A. As shown in Error! Reference 
source not found., for QCM, the maximum harvested voltage and power were 2.06 V 
and 0.4242 mW, respectively. The output voltage and power were increased 
approximately by 60% when calculated for a HCM. On the other hand, the most 
significant voltage and power harvested from the road roughness were captured from 
class H as illustrated in Error! Reference source not found. which has the highest 
degree of roughness. The harvesting power from the very rough road was 434.3 mW 
with RMS value of 52.1 mW for QCM and it was 537.5 mW with RMS value of 80.1 
mW for HCM.  















Figure 60: Harvested voltage and power on a road of class A for both QCM and HCM.  
 
  
Quarter car model (QCM): 































Quarter car model (QCM): 
















Figure 62: Harvested voltage and power on a road of class H for both QCM and 
HCMs.  
 
The maximum harvested voltage and power were also studied at the most 
common car velocities [40 – 100 km/h] of a road surface of class C (since it considered 
as an average road profile). The results revealed that the harvested voltage and power 
from both QCM and HCM were linearly increased with the car velocity. This 
observation is supported by equation (68) where the velocity of the road surface is 
proportional to the square root of the car’s velocity. It was found that the harvested 
  
  
Quarter car model (QCM): 






voltage and power of QCM was increased from 1.46 V to 2.3 V and 0.21 mW to 0.53 
mW, when the velocity changed from 40 km/h to 100 km/h, as demonstrated in Figure 
63. Likewise, the harvested voltage and power of HCM (see Figure 64) were increased 
approximately by 2 V and 0.45 mW at the same velocity range. This observation 
illustrated that, a slight increase in car velocity leads to a remarkable rise in the 
harvested energy.  
 




































































From the results presented previously in section 5.1.1 and summarized in Table 
12, it is worth noting here that, the harvested power from the quarter and half car 
system with a piezoelectric stack cannot be compared with different systems found in 
the literature. The harvested systems in the literature were different in the 
configuration (cantilever [118], [124], [125] and stack [126]–[129]), location of the 
piezoelectric element in the suspension system (springs [116], [129], [169], [170], 
shock absorbers [118], [125]–[128], and wheels [37], [118], [119]), the suspension 
system model (QCM [37], [118], [125], [129], [170] or HCM [116]), and the road 
input excitation (harmonic [116], [126], [129], [170] or random [37], [118], [125], 
[127]). The harvested voltage and power were approximately in range of [17.69 mV – 
486 V] and [0.001 mW – 3.9 W], respectively, and the results for both QCM (19.11 V 
































































Table 12: Summarized results for quarter and half car models.  















Resonant frequencies (Hz) 1.46 9.68 1.06 1.46 9.68 
Velocity (km/h)    
(resonant frequency) 




Dissipated power (kW) 1.424 15.54 0.18 2.99 31.13 
Harvested voltage (V) 19.11 1.427 17.82 33.6 2.815 














 Road profile grade A C H A C H 
Harvested voltage (V) 0.51 2.06 65.9 0.74 2.97 95.06 
Harvested power (mW) 0.02 0.42 434.3 0.03 0.52 537.5 
 
5.1.2 Effect of different parameters on the HCM   
The harvested voltage and power from the piezoelectric stacks attached in 
series with the suspension springs were investigated according to road input excitation, 
piezoelectric parameters, and car suspension parameters.  
The effect of sine wave acceleration amplitude on the harvested voltage and 
power at the excitation frequency of 1.46 Hz are depicted in Figure 65. The output 
voltage from the piezoelectric stack raised linearly from 6.7 V to 67.03 V when road 
acceleration amplitude increased from 0 g to 1 g. While, the output power increased in 
a quadratic relationship (as the power is a square of the voltage over the resistance) 
with minimum and maximum harvested power of 2.25 mW and 225 mW, respectively. 
It can be noticed that, the harvested voltage and power increased with the amplitude 






means an increase of the car velocity and consequently increases the harvested voltage 
and power with respect to the unevenness amplitude. 
 
Figure 65: Harvested voltage and power vs. different amplitudes of road unevenness 
at excitation frequency of 1.46 Hz. 
 
The effect of the piezoelectric stack parameters on the performance of the 
energy harvesting model was also investigated. The analysis was done for multiple 
numbers of layers up to 100 layers. The results demonstrated in Figure 66 show that, 
increasing the number of layers increases linearly the harvested voltage and 
exponentially the harvested power. Since the stack layers were connected electrically 
in parallel, the total displacement of the piezoelectric stack was expressed in reference 
[27] as 




This means that, the overall displacement of the stack increases with the number of 























































Besides, the total charge in the piezoelectric stack is the summation of the output 
charge of all layer. This observation is supported by equation (71). As a result, the 
output voltage and power from the proposed piezoelectric stack with 40 up to 100 
layers increased by 54 V and 0.3 W. 
𝑄𝑠𝑡𝑎𝑐𝑘 = 𝑁𝑄𝑝 = 𝑛𝑑33𝑓 + 𝐶𝑝𝑉 (71) 
 
Figure 66: The effect of the number of layers of the piezoelectric stack on the harvested 
power. 
 
The effect of another parameter of the piezoelectric stack that can be studied 
was the area to thickness ratio. This parameter will affect different parameters such as 
the force factor, stiffness, and capacitance of the piezoelectric material. The ratio was 
examined within a range from 1 mm to 1000 mm.  As shown in Figure 67, increasing 
the area/thickness ratio will significantly increase the harvested power by 0.3 W due 






























































Figure 67: The effect of area/thickness ratio of the piezoelectric stack on the harvested 
power. 
 
The effect of the car selected parameters on the performance of the half car 
piezoelectric energy harvesting model was examined as well. This was done by 
varying the values of the selected parameter and keeping the other car parameters in 
Table 9 constant. The influence of the sprung and unsprung stiffness coefficients is 
demonstrated in Figure 68 through Figure 70. The results showed that both the sprung 
and unsprung resonant frequencies increase with increasing the stiffness coefficient. 
This result is validated by the relationship between the natural frequencies of the 
system and the stiffness coefficient constant (i.e., 𝜔 = √
𝐾
𝑀
 ). Also, increasing the 
suspension stiffness will increase the relative displacement between the sprung and 
unsprung masses. Accordingly, this will rise the harvested power from the 
piezoelectric stack as shown in Figure 68. In contrast, increasing the tire stiffness will 
decrease the resonance power (see Figure 69). This means that stiffer tires result in a 




























































Figure 68: Effect of the sprung stiffness coefficient on the harvested power. 
 


























Ksf=Ksr=2600 N/m Ksf=Ksr=5200 N/m Ksf=Ksr=10400 N/m






































Kuf=Kur=50000 N/m Kuf=Kur=100000 N/m






















Figure 70: Effect of the sprung and unsprung stiffness coefficient on the output sprung 
resonant frequency and power. 
 
 Figure 71 through Figure 73 demonstrate the influence of the sprung and 
unsprung damping coefficient. The results showed that, the damping coefficient will 
not affect the sprung and unsprung resonant frequencies since there is no direct 
relationship between the damping coefficient and the frequency of the system. 
However, increasing the damping coefficient for both masses will significantly reduce 
the output resonance power. However, this will It was noticed that less suspension 
damping will provide higher harvested power by allowing more stress to be applied to 
the piezoelectric material. Conversely, having lightly damped or soft suspension will 












































































































Figure 71: Effect of the sprung damping coefficient on the harvested power. 
 


























bsf=bsr= 300 N.s/m bsf=bsr= 400 N.s/m bsf=bsr=520 N.s/m




































buf=bur=50 N.s/m buf=bur=100 N.s/m
buf=bur=200 N.s/m buf=bur= 264.73 N.s/m





















Figure 73: Effect of the sprung/unsprung damping coefficient on the output sprung 
resonant frequency and power. 
 
For the influence of the sprung and unsprung masses, Figure 74 to Figure 76 
show that, increasing both masses will decrease the resonant frequency for each system 
and this is due to the inverse relationship between the mass and frequency of the 
system. Although the resonant frequency mode for the both masses was decreased, the 
output power was kept increasing. The results also show that, the sprung mass is only 
affecting the sprung bounce frequency, while the unsprung mass is only affecting the 

















































































































Figure 74: Effect of the sprung mass on the harvested power. 
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Figure 76: Effect of the sprung and unsprung masses on the output sprung resonant 
frequency and power. 
 
The previous results showed that, there is a significant potential for harvesting 
energy from the CSS. The vibrations generated from the road excitation are transmitted 
to the CSS, and the produced stress/deformation will be applied to the piezoelectric 
stack material and create a significant amount of an electric charges. Without these 
harvesters, the vibration energy is wasted and dissipated into heat. Moreover, the CSS 
and piezoelectric stack parameters have shown an essential impact on the amount of 
harvested energy. 
5.2 Experimental results 
The QCM with the experiment parameters shown in Table 13 were investigated 
theoretically and experimentally. The Ks is the sum of the stiffness values of the four 
springs located between the sprung and unsprung plates, and Kus is the sum of the 
stiffness values of the four springs located between the unsprung and road plates. The 








































































































between the sprung and unsprung plates. Moreover, other suspension parameters used 
in the experiment are listed in Table 13.  
 
The resonant frequencies of the system were calculated theoretically from the 




2 = 0 (72) 
The sprung and unsprung resonant frequencies were found to be 7 Hz and 20 Hz, 
respectively. These resonant frequencies were validated experimentally from the peak 
values of the acceleration plot for both sprung and unsprung masses as shown in Figure 
77. 
Table 13: Suspension parameters used in the experiment. 
Type Parameter Value  Unit  
Sprung mass Ms 1 kg 
Unsprung mass Mus 0.6 kg  
Sprung stiffness Ks 2800 N/m 
Unsprung stiffness Kus 6200 N/m 







Figure 77: Sprung and unsprung resonant frequencies. 
The road input acceleration was measured by the accelerometer located on the 
first bottom plate (road plate). The excitation amplitude acceleration was kept at 0.05 
g (see Figure 66) as the system at this amplitude is stable with different excitation 
frequencies. 
 




















































The analytical and experimental output voltage and power were studied at 
different excitation frequencies. The analytical output voltage in good agreement with 
the experimental voltage from piezoelectric stack as shown in Figure 79. The results 
show that, the greatest voltage output for both analytical and experimental studies was 
occurred at a sprung resonant frequency of 7 Hz. At this resonant mode, the 
corresponding analytical voltage was 0.14 V which is slightly higher than the 
experimental voltage that was recorded as 0.12 V. This small difference with a 
percentage error of 14% was due to some experimental errors. The errors may be due 
to not considering the damping coefficient of the PZT stacks in the simulation. Also, 
the mutual friction between the moving plates could have an effect. However, the 
second peak was found to be at an unsprung resonant frequency of 20 Hz. At this 
frequency, the analytical and experimental voltages were almost equal with a value of 
0.02 V.  
 


























In order to calculate the harvested power from the piezoelectric stack, a circuit 
should be connected to the system. It is worth noting here that, Xiao et al. [115] who 
evaluated the harvested voltage from the QCM is the only experimental work available 
in the literature. In this study, since the harvested voltage is relatively small, each 
piezoelectric stack was connected to the electrical circuit (PDu100B) to magnify the 
output voltage. As shown in Figure 80, the peak values of 6 V and 1 V are recorded at 
the resonant frequencies. These voltage values were magnified by a factor of 50 due 
to the configuration used in this circuit which is the unipolar input with bipolar output 
type. The output power was also calculated by having the built-in impedance circuit 
of 100 kΩ for unipolar input type. The results show that, the maximum harvested 
power from piezoelectric stack was found to be 0.36 mW. However, at the unsprung 
resonant frequency, the output power was 0.05 mW.  
 











































Chapter 6: Conclusion and Recommendations  
6.1 Conclusion 
Mathematical models of quarter and half car systems with a piezoelectric stack 
inserted between the sprung and unsprung systems were developed to evaluate the 
dissipated and harvested voltage and power. The piezoelectric stacks were attached in 
series with the springs of the sprung mass system. The maximum output voltage and 
power were generated at the resonant frequencies. When the car was subjected to a 
harmonic excitation frequency of 1.46 Hz and an acceleration amplitude of 0.5 g, the 
peak values for the QCM were 19.11 V and 36.74 mW for the generated voltage and 
power, respectively. However, the HCM produced a harvested voltage of 1.8 and a 
power of 1.6 times greater than the QCM. The variation of the voltage and power vs. 
frequency showed a similar trend to that with the car velocity as the velocity and 
frequency are in direct correlation to each other. The system was also tested at the most 
common car velocity ranges that corresponded to the non-resonance frequencies. The 
results showed that, the system could also harvest a remarkable power, out of the 
resonance frequencies, ranges from 0.24 to 1.5 mW. Both QCM and HCM were 
subjected to the roughness of road surfaces as well. The results confirmed that, the 
minimum harvested voltage and power were found at the best road quality (class A), 
and the maximum harvested voltage and power were found at the poor road quality 
(class H). The results also illustrated that the harvested voltage and power were 
increased with car’s velocity.  
Effect of different factors on the harvested voltage and power of the HCM 
subjected to harmonic excitation of 0.5 g acceleration amplitude were examined. The 






harvested power. Furthermore, the parameters of the piezoelectric stack (e.g., number 
of layers and the area to thickness ratio) were found to influence the harvested power 
significantly. The observations indicated that, increasing these parameters will 
remarkably increase the harvested power from the piezoelectric stack. 
 Additionally, car suspension parameters had a considerable effect on the 
harvested power. Stiffer suspension springs provided higher resonant frequency and 
higher relative displacement of the car and piezoelectric stack that consequently 
increased the harvested power. Whereas, stiffer tires decreased the harvested power 
due to the less suspension movement and hard ride. On the other hand, increasing the 
damping coefficients of the sprung and unsprung systems reduced the harvested 
power. This is because of decreasing the unwanted vibrations in the suspension system. 
However, low damping coefficients produced higher harvested power by providing 
more stresses on the piezoelectric stack. But it affected negatively the car handling 
performance and stability. Therefore, it would be recommended in the future work to 
determine a balance point between both the car handling performance and the amount 
of the harvested energy. Regarding the effect of car's mass, the results illustrated that 
the power was increased with an increase of sprung and unsprung mass systems. 
However, the lightweight cars are preferred for isolating the disturbances from road 
excitations. 
The analytical approach of the QCM was verified experimentally. The QCM 
was built by having three plates connected by a set of springs and dampers. By fixing 
the input acceleration at 0.05 g, the output voltages were matched at the second 
resonant frequency. However, at the first resonant frequency, there was a slight 






maximize the output voltage, the piezoelectric stacks were connected directly to the 
electrical circuits. This leaded to an increase in the output voltage from 0.12 V to 6 V. 
A value of 0.36 mW for the harvested power was also recorded at the sprung resonant 
frequency. 
It can be observed from the findings as well as the literature results that 
regardless of the technique used in energy harvesting from the CSS, yet the outcome 
was still limited (from 0.001 mW to 3.9 W) if compared with the available dissipated 
energy. Different methods could be suggested here in order to maximize the harvested 
power. Producing tailored piezoelectric elements with improved material 
characteristics in converting most of the mechanical vibrations from cars into electrical 
power (i.e., efficiency) is one of the possible ways. It has also been noticed in this 
experimental research that, the harvested power was diminishing due to the 
degradation in the durability and sustainability of the commercially available 
piezoelectric material. This was also confirmed from the study of the East Japan 
railway company in Japan station [77]. After three weeks of their study in 
implementing the piezoelectric material underneath the ticket gate area, the harvested 
power decreased though the number of passed people increased. It is not only the 
material of the harvester affects the output power, but also the direction of the applied 
mechanical force, as well as the energy harvester configuration, play an essential role 
in increasing the output power. For instance, having the piezoelectric stack geometry 
helps in amplifying the charge production when compared to the piezoelectric 
cantilever benders. Developing electric circuits with storage devices like a battery also 






6.2 Recommendations for future studies  
In this work, the study of both analytical and experimental models was built up 
to study the harvested energy from CSS. Piezoelectric stack with rectangular cross 
section was installed in series with the suspension springs. This study can be extended 
to consider the following points:  
• Evaluate the harvested voltage and power theoretically from full car model. 
• Build up a setup for a real car suspension system equipped with piezoelectric 
material to evaluate experimentally the possible harvested power under different 
conditions.  
• Investigate the effect of piezoelectric material in different locations and 
configurations on the harvested power.  
• Evaluate the harvested energy by different harvesting techniques such as 
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